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ABSTRACT

This paper considers unit root testing of time-series data with missing observations. Three procedures for dealing with
the gaps are discussed. These include: ignoring the gaps, replacing the gaps with the last available observation, and
filling the gaps with a linear interpolation method. The tests for the first two procedures yield test statistics which have
the same asymptotic distribution as that tabulated by Dickey and Fuller (1979) for the complete data situation. The
remaining procedure yields a test statistic that has an asymptotic distribution that differs from Dickey and Fuller’s
tabulated distribution by an adjustment factor. In addition, models that include an ARIMA (0,1,q) error and augmented
Dickey-Fuller tests are also considered in this paper. A simulation experiment is performed for the above models using
the A-B sampling scheme. The results show that ignoring gaps in time- series data with missing observations produces
unit root tests that are more powerful than the other two approaches that are considered.
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1. INTRODUCTION
This paper deals with the practical problem of testing for a unit root in time-series data when there
are missing observations, or the data are irregularly observed. The situation of missing observations
in time-series data is quite common, yet little attention has been given to it in the unit root literature.
For example, series of trading data relating to financial assets (such as stocks or futures contracts)
may have "gaps" in them for certain days. In some countries, for reasons relating to budget
constraints or publication delays, it was the case historically that some economic time-series were
published only annually (or quarterly), but more recently they have been published quarterly (or
monthly). Of course, the underlying economic activity was always taking place at the higher
frequency - it was simply not being recorded, and so the associated long-run measured series
effectively has "missing observations", following a systematic pattern, in the earlier time periods.
Finally, in many instances, we encounter economic time-series data which exhibit a small number
of extreme outlier values of a type that clear reflect mis-recorded data, or once-and-for all events.
Although a dummy-variables approach may be helpful in some such instances (e.g., Perron (1989)),
another approach is to remove such observations and treat them as "missing". These, and other
related matters, are discussed in some detail in the context of forecasting stationary time-series by
Harvey (1989, pp.325-341), for example. He also gives some interesting examples relating to
electricity consumption data over a period including a miners' strike, and to time-series data for road
deaths in the context of structural changes and outliers'. Harvey and Pierse (1984) also discuss the
problem of missing time-series observations in the context of the Kalman filter, and illustrate their

methods with the well-known Box-Jenkins (1976) airline passenger data.

The paper is divided into seven sections. Section 2 provides the background for some of the existing
literature on testing for unit roots. An examination of previous related work on testing for a unit root
under conditions of missing or irregularly observed data is covered in Section 3. Section 4 provides
the relevant asymptotic theory associated with the problem being studied here. Section 5 elaborates
on some extensions, and outlines the Monte Carlo simulations that we use to evaluate the finite
sample characteristics of our procedures. The results of these simulations are discussed in Section

6, and the final section provides conclusions and some suggestions for further research.



2. TESTING FOR A UNIT ROOT
Many studies have considered different ways to test for the presence of a unit root. Dickey and
Fuller (1979) derived the distribution for unit root test statistics when the estimated model is (a) with
no drift and no trend; (b) with a drift and no linear trend; and (c) with both a drift and linear trend.
The null disributions for the Dickey-Fuller test statistics are based on data generated by an
autoregressive integrated moving average process of order (p,1,0). These tests must be reconsidered
when the data contain a moving average component. In response to this limitation, many authors

have explored extensions to Dickey and Fuller's work.

Dickey and Fuller (1981) tested various hypotheses of the existence of a unit root using the
likelihood ratio test. The null hypothesis of a unit root is tested when the time-series Y, is generated

in the following manner:

Yt= aYt-1+ ut > (1)

with a=1, Y,=0, and E(u,)=0, var (u)=0". The three Dickey-Fuller (DF) regression equations are

given as follows:

Y=0aY _+u

Y= B+ a¥, _,+ ut/ (2)

1
t

t

Y=8+ yt+ aY,_,+ u

equivalently, the fitted regressions can be written as

t

AY= (¢-1)Y,_,+ u
AY= B+ (a-1)7, + u/ (3)

AY= B+ vyt + (a-1)Y, + u |

and then we test H,:(o-1)=0.



In this paper we are testing H,: =1 in each case by using either the T(a-1) statistic or the t,=(a -
1)/se(a) statistic, where T is the sample size, a is some estimator of «, and se(a) is the standard error
for a. There also exist corresponding joint tests of H: (3,) = (0,1) in the drift/no-trend case and

Hy:(P,v,2)=(0,0,1) and Hy:(B,v,)=(P,0,1) in the drift/trend case, but these are considered here.

When time-series data are aggregated, often a moving average (MA) error term will arise. One way
to deal with this is to include lagged values of the dependent variable in the DF regression. Said and
Dickey (1984) derived a test for a unit root based on an approximation of an autoregressive-moving
average model by an autoregression. The autoregressive model suggested by Said and Dickey, in

the general drift/trend case, is as follows:

k
AY= po+ Y+ (a_l)Yt—1+ Z B‘AYt_‘+ €& » (4)

i=l

where €, is iid (0, 0?).

Dickey and Said (1981) discussed testing for a unit root with the hypothesis H,: «-1=0 when the
orders of the moving average and autoregressive process (p,q) are known. However, p and q are
typically unknown and one must determine o prior to estimating p and . Said and Dickey used least
squares to estimate the coefficients in the autoregressive model and found that if k approaches
infinity as T approaches infinity, the resulting statistics have limiting distributions identical to those
given by Fuller (1976). Therefore, it is possible to determine the existence of a unit root without
knowing p and q, and some of the "pre-test" implications of this are explored by Dods and Giles

(1995), and others.

Phillips (1987) showed that least squares regression consistently estimates a unit root in spite of the
presence of autocorrelated errors or heteroscedasticity, and he also derived the limiting distributions
of both the ordinary least squares (OLS) estimator of « and its "t-statistic" in the no-drift/no-trend
case in (2), under very special error structures. The normalized limiting distribution of the OLS

estimator of o, say &, is:



Lway-(o 0%

I'(e-1)= -

f w(r)’dr
0

where W(r) is a standard Wiener process, so W(1) is N(0,1), ©))

T
(6)°= imT'SE u}) ,

T+ 1

T
o’= lim E (I'"'Zu)’

T 1

The symbol “=" is used to signify the weak convergence of the associated probability measures as
Tt1ew. The quantities concerned (T( & -1), for example) converge to a random function, and the

integrals relate to functionals of Wiener processes.
When the innovation of u, is iid(0,0?%), then 0 >=0? which leads to the following representation:

Lway-1
T(a-1)>— . ®)
fW(r)zdr
0

Phillips (1987) showed that the limiting distribution of the (suitably standardized) OLS estimator
of o has the same general form for a wide class of innovation processes, {u,}. Similarly, the limiting

distribution of t, for testing H_: =1 also depends on the variance ratio ¢ % c?:

o
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u

Iy= 1 173 ) (7)
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In the 1id case, o=0, and (10) simplifies accordingly.

Hamilton (1994) presents the limiting distributions of the normalized OLS estimator and t-statistic

for the drift/no-trend case:

1
%{[W(l)f— 11- W(l)-fW(r)dr
T(&-1)= 0

1
[tweyrar-1[war?
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(8)
1
Liwyp-1-wa)y [war
t = 2 0
b 1 1 i 7)
(weyPar-1[wrar?)
0 0
and the drift/trend case:
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where, A=[4[W(r)dr-6[tW(r)dr]- [W(1)-[ W(r)dr][12[rW(r)dr-6 [ W(r)dr],
D=[[[W(r)]’dr+ 12 W(r)dr [tTW(r)dr- 4[ [ W(r)dr]*- 12[[tW(r)dr]?, all integrals are over the range
[0,1], and to simplify the expression, we have assumed iid errors. For finite samples, the MacKinnon

(1991) percentiles, based on Monte Carlo simulations, may be used.

Phillips and Perron (1988) extended the results of Phillips (1987) to cases where (i) a drift and (i1)
a drift and a linear trend, with the presence of autocorrelated errors, are included in the analysis. In

Phillips (1987), test statistics and limiting distributions were derived that included a transformation



using the Newey-West (1987) consistent estimator of the error covariance matrix. These test

statistics were also used in the Phillips-Perron extended analysis.

The results obtained indicated that the Phillips-Perron appraoch can be advantageous for positive
(as signed in equation (53) below) moving average errors. The powers associated with this test were
better than the ones examined by Dickey and Said (1981). However, with negative moving average
errors, the Said-Dickey procedure was recommended. Since negative MA errors are likely to arise
in practice (Dods and Giles (1995) and Schwert (1989)), this result has important practical

implications.

Hall (1989) tested for unit roots in a time-series which was generated with an MA component of
order g, using an instrumental variable (IV) approach. In particular, he used Y, (for k>q) as the
instrument for Y, ; and considered the three regression equations analyzed by Phillips and Perron
(1988). This form of estimation allowed Hall to use Dickey and Fuller's (1979) tabulations directly
because the asymptotic bias caused by the correlation between Y, ; and the error term, u,, was not
present. Hall's results indicated that the IV tests exhibited less size distortion in finite samples than
the Phillips-Perron tests. For negative (in the sense of equation (53) below) MA errors, this
difference could be substantial. Pantula and Hall (1991) extended Hall's work by considering data

generated by an ARIMA (p,1,q) model:
Yt= Yt—l +Z

t

r
Z = 0 + U
t le: th—j t (10)

q
= +
u= Y We, * e
i=1

To estimate the model in equation (10), they considered:

P
Y= a¥_+ Y 0Z +u . (11)
j=1



As u, is a moving average process of order q, the regressor variables Y,, and Z,; are correlated with
u, , so (for a fixed lag length, p) the OLS estimators of « and O will be inconsistent and their

distributions will not converge to the usual Dickey-Fuller distribution.

Pantula and Hall found that IV estimators performed well in relation to Said and Dickey's results.
They also found that overspecifying p and/or q does not have an effect on the power of the unit root

tests, but underspecifying p and/or q leads to inconsistent estimators and unacceptable test properties.

Hall (1992) tested for unit roots using instrumental variable estimation when (p,q) were chosen from
the data in a “pre-test” manner. He considered the use of the Pantula-Hall test statistics after (p,q)
had been estimated from the data. To estimate (p,q), Hall derived a set of residuals from the
following three regressions: (a) random walk; (b) drift but no linear trend; and (c) drift with a linear
trend. He also provided conditions under which test statistics based on the estimates of (p,q)
converge to the Dickey-Fuller distribution. Hall concluded that if the estimates of (p,q) are
asymptotically independent of the unit root test statistic and the limiting probability of under-selecting
either p or q is zero, then the Pantula-Hall test statistic converges to the appropriate Dickey-Fuller
distribution. Further, when (p,q) are estimated from the data the unit root test performs well

for moderate to large sized T.

Hall (1994) tested for a unit root in an autoregressive integrated time-series (p,,1,0) with pretest data-
based selection of p,, and he examined the impact of this selection ADF test. He found evidence that
there may be power gains from choosing p from the data, and he derived conditions under which the
ADF statistic converges to the appropriate Dickey-Fuller distribution. These conditions hold true
when p is chosen using a general to specific strategy, the Hannan and Quinn (1979) information
criterion, or the Akaike (1973) information criterion. More specifically, this unit root test should be
calculated with p > p,, and then the limiting distribution of the test statistic, given an estimated value
of p=, is that of the ADF statistic when p is set a priori to j > p,. Otherwise the ADF statistic will

not converge to the usual Dickey-Fuller distribution.



3. MISSING OR IRREGULARLY OBSERVED DATA

Although the above studies deal with testing for a unit root under different circumstances,
they do not address the problem of time-series with missing observations. Often a time-series does
not contain observations at consecutive time periods. For instance, data gathered from the stock
market is a prime example of a series with missing observations. With the stock market being closed
on holidays and weekends, gaps are generated in stock market data. Another practical illustration,
and one that will be presented here, is when the frequency of data collection is altered. Suppose the
frequency is changed from quarterly to monthly, in the case of a stock (rather than flow variable).
The resulting series will have two missing monthly observations each quarter in the earlier part of

the series.

The general topic of missing observations in the analysis of stationary time-series data has been
examined by, for example, Little and Rubin (1983, 1987), Harvey and Pierse (1984), Kohn and
Ansley (1984), and Harvey (1989). However, testing for a unit root in a time-series with missing
observations has received little attention: it has been addressed tangentially in earlier work by Savin
and White (1978) and Bhargava (1989). Savin and White (1978) considered three procedures for
testing for a first-order autoregressive process in regression errors when there are missing
observations. The procedures included the Durbin-Watson test, tests based on a set of uncorrelated
residuals, and large sample likelihood ratio and Wald tests. Savin and White found that ignoring the
missing observations left the null distribution unaltered when computing the usual Durbin-Watson

d statistic.

Savin and White considered a model with m consecutive missing observations:
@ @) @
AT IESIN Il I3 Il 154 TR (12)
y@ ) | x® u®
where y" is an (n,x1) (n;>0) vector of consecutive observations of the dependent variable before the

gap, y?@ is an (n,x1) (n,>0) vector of consecutive observations of the dependent variable after the

gap, X' is an (nxk) matrix of n(= n,;+n, ) observations on k fixed regressors, partitioned conformably



with Y", and u” is an (nx1) vector of disturbances partitioned conformably with Y. The null
hypothesis of H,: p=0 was tested against H,: p>0 when the elements of u” were generated by the first

order autoregressive process:

u'= pu’+ e, (13)
A Durbin-Watson type statistic was calculated of the following form:
/
z Az,
d'= (14)
YAA

*

where z. was the vector of OLS residuals computed from a sample with missing observations and
A is the usual differencing matrix. In addition, a second Durbin-Watson statistic, d*, was defined

as:

d*= , (15)

where the numerator omits the square of the difference across the gap. Therefore, it follows that d*

< d'. It was found that for certain values of p and m the statistic d* appeared preferable to d’.

The main advantage of using d’ as opposed to d” is that it has the same null distribution as the usual
Durbin-Watson statistic in the absence of a gap in the data. Hence, existing tables can be used for
a bounds test of H, when there are missing observations. The same point applies if the exact Durbin-
Watson test is used, rather than the bounds test, with critical values computed for a given X matrix
using, for example the algorithm of Davies (1980) as in the DISTRIB command in the SHAZAM
(1997) package.

Bhargava (1989) tested for serial independence with missing observations with the Durbin-Watson

test. He also considered the classical regression model:



y=X"p"+u ,
(16)

u= pu_,+ €

1

where y is a (Tx1) vector of observations on the dependent variable; X" is a (Tx(k+1)) matrix of
independent variables, the first being a constant term; B is the parameter vector to be estimated;
the elements of € are white noise error terms with variance 62, so each element of u is distributed
with zero mean and variance 0%/(1-p?). It is assumed that m observations are missing and that there
are q 'gaps' of length m, (i = 1,...q) in the data, with T, (i=1,...q+1) observations available in each
of the subsamples, so that T =T, +T,+... T ;.

Bhargava allowed for two different Durbin-Watson statistics, d’ and d”, depending on whether the
gaps in the series were ignored. As noted by Savin and White, the bounds for the test statistic d* will
be different from those tabulated for d’. These bounds for d* depend on the position of the gaps in
the data and must be calculated separately in different applications. However, a bounds test based
on the d’ statistic is very convenient, so it is important to examine the consequences of ignoring the

gaps in the data for the power function of the d’ test.

The study found that if the power functions of any of these tests are discontinuous at any value of
p in [0,1], then it is desirable to avoid the use of that particular test. However, provided
that a constant term is included in the regression model, the power functions of both d’ and d" are
continuous in [0,1] even in the presence of gaps in the data. So, the use of the usual Durbin-Watson

test in the presence of occasional gaps in the data is reasonable.

There has been only a very limited discussion of the effects of missing data on unit root tests.
Shin and Sarkar (1993) tested for a unit root in an AR(1) time-series using irregularly observed data.
They considered the OLS estimator, the one-step Newton-Raphson estimator and an OLS- type
estimator which is a simple approximation of the Newton-Raphson estimator. When a unit root was
present (p = 1) in Y,= pY,; + €, Shin and Sarkar found that the limiting distributions and

corresponding t-statistics when ignoring the gaps were identical to those based on a complete series.

10



Hence, the limiting distributions and t-statistics did not depend on the sampling pattern, and
asymptotic testing for a unit root with irregular samples can be carried out using the tables given by
Fuller (1976). This result also applies to the more general autoregressive models:
/
Y= n+ pY  + e

i 17)
Y=+ pt+ pY,_ |+ €

t

Shin and Sarkar (1993) also considered replacing each gap in the irregularly observed time-series
with the latest available observation, and they investigated the finite-sample properties for both
ways of dealing with the missing observations in the case of the "A-B sampling scheme". A is the
number of available observations and B is the number of missing observations, and the values of A
and B are repeated for the length, m, of the time-series. Ten thousand replications were simulated
for different values of m, A, B, and p and the tests were applied at the 5% significance level. This
study, and those noted below, focussed primarily on size-distortion. The latter was not taken into

account in the very limited power calculations that were undertaken.

The tests for the models outlined in (17) had smaller powers compared to the simple AR(1)
model without (u,). This result was expected because the computation of the powers and the t-
statistics involved the estimation of p and (u,[3) respectively. Finally, in most cases it was found that
the effect of missing observations on the powers of the tests was minor if the sample size was around

250 observations.

Shin and Sarkar (1994a) considered unit root tests for the ARIMA (0,1,q) model
Yt= th—1+ € P&yt pqet—q > (18)
with irregularly observed samples. The unit root test proposed in this study was based on the

instrumental variable estimation technique developed by Hall (1989, 1992). Again these tests were

applied in the context of the usual three DF regressions - no-drift/no-trend, drift/no-trend, and

drift/trend.

11



Instrumental variable estimators for p (the unit root coefficient) were defined for all three
DF regressions, with q set to one and [3,, in (18), varied between positive and negative values. The
empirical sizes® for the tests when A-B = 4-3, 5-2, and 6-1 were comparable to those when there
were no missing observations. For negative values of [3;, the empirical sizes for the tests in the
missing data cases were even better than those in the non-missing case. However, when [3;,=-0.8
all of the sizes were very different from the nominal level of 5%. Again, it was found that the model

without a drift and a trend outperformed the other two models.

Finally, Shin and Sarkar (1994b) evaluated a likelihood ratio type unit root test for AR(1)
models with nonconsecutive observations. They considered AR(1) models that contained: (i) a
drift/no-trend and (ii) a drift/trend. The A-B sampling scheme was again utilized for different
sample sizes. The sizes of the tests for A-B = 6-1, 5-2 were similar to those for the case where there
are no missing observations, i.e., A-B = 7-0. However, for A-B = 4-3 the empirical sizes were
somewhat different, as compared with the A-B = 7-0 case. Shin and Sarkar concluded that the effect

of missing observations on the sizes of the tests appeared to be small.

In this paper we extend Shin and Sarkar's studies in several directions. First. we consider
another way of filling the gaps in the series: linearly interpolating between two observed values. As
well as to cosidering empirical sizes, we also determine the size-adjusted powers associated with the
modified DF tests. Finally, we consider the augmentation of the DF regressions to allow for

MA errors in the irregularly observed data.

4. ASYMPTOTIC RESULTS FOR UNIT ROOT TESTS WITH MISSING
OBSERVATIONS
This section defines the asymptotic distributions and "t-statistics" for the three usual DF models for
four different cases: (i) series with no missing observations; (i) closed series (i.e., gaps ignored); (iii)

gaps filled with last available observation; (iv) gaps filled by linear interpolation.

12



Case (iv) has not been considered previously. First, we assume that the DF regressions are

fitted without “augmentation”, but we relax this assumption subsequently

4.1 No-Drift/No-Trend

Following the Shin-Sarkar notation, the Data-Generating Process (DGP) and the fitted model
are an AR(1) model y,= py,,;+u, with p =1, y,=0, and E(u,) =0, for all t. The unit root coefficient,
p, corresponds to o in our earlier discussion. The length of the gap in a series is defined as A(k) =
t, - t..;, where t denotes the passage of time in the generation of the series and t, denotes the
timing of the k’th observation available on the series with the incomplete data.

(i) Series with No Missing Observations.

The asymptotic distribution of the normalized OLS estimator of p in the case of a complete

series (Phillips (1987)) is :

Liway-6 267

T(b - 1):’ >
[tweyrar
0 (19)
1 T
where o’=lim—% E(u})
T-e Tt-l
1 T
o ’=lim E [—(Zu)] ,
T+ tml
and p is the OLS estimator of p. If the u,'s are iid(0,c?), this simplifies to:
1 2
—[w(1)"-1]
T-Dr— " (20)
[tweyrar
0

which is analogous to the limiting distribution in equation (5).

13



The limiting distribution for the t-statistic in this case is just that derived by Phillips (1987):

LSy mway-o e
2 o,

fp= ) ‘ (21)
L[ Wy ar]
0

1
2

If the errors are iid, then o,=0 and (21) simplifies to:

1
—[W(1)*-1
nUOR
b1 (22)
[[woyan?
0

(ii) Closed Series
In this case, suppose there are n recorded observations for Y,. From Shin and Sarkar (1993),

using results derived by Phillips (1987), the asymptotic distribution of the normalized OLS estimator

of pis:

l[W(l)Z— 0,%0,%]

n(p-1)=

[tweyrar
0 (23)

where 012=;‘3°[le @]
Nim2
1r 2
[‘E(_E uk )] >
n

k=2

2 lim
0, =
n-eo

where n < T because the series is closed, p is the OLS estimator of p in the closed series, and u, =

Vi - Va.. Again, if the u's are independent then 0,%/0,”> = 1 and the asymptotic distribution is

unchanged from (20) for case (i) above. In fact, 0,’=0” and 0,’=0 "

14



The limit distribution of the t-statistic, under independence, is that in (22):

%[W(l)z— 1]
e - (24)
[ f W) dr]™
0

(iii) Gaps Filled with Last Available Information
Letx, =y, fort; <t<t, k=2 nandx,=y,. Further, leta =x-x_fort=t+1, t,+2,...t,. The

new series, {x,, t =t,,t;+1,...,t.} can be treated as a complete data set where the missing values, for
t#t,t,,...,t,, are replaced with the latest available observations. Therefore, when p =1, x,=x,, *+ a,,
and there are now again T “observed” data points. The two methods of dealing with the gaps yield

varying data sets which results in different variances for the error term.

The asymptotic results for the complete data series, x, can be taken directly from Shin and

Sarkar (1993). The limit distribution for the normalized OLS estimator of p is :

l[W(1)2—032/o42]
I(p-1)=

[tweyrar
0

(25)
, lim 12
where o, =T_m[?}3 E(a,)]
tm2

o220 1 Lg oo
4 T-eo T ta2 t ?

where p is the OLS estimator of p when the gaps are filled with the last available observation. If

a,isiid (0,0%), then 0,°= 0,>= o” and we get the usual asymptotic distribution, as in (23). Similarly,

15
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1
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0

Under independence,

Liway-1
2
T 1 (27)
L[ wear?
0

which is just the usual result, (22).

(iv) Gaps Filled with Linear Interpolation

This method of filling the gaps has not been considered previously, but we have considered
it here because it has intuitive appeal, and it seems to be somewhat more “refined” than approaches
(1)) or (iii) above. For instance, if a series has two observations with three gaps in between, it could
be argued that instead of using the last available observation to fill these gaps, a linear interpolation
between the known observations could provide a “smoother” way of dealing with the gaps. If the
previous known observation is far less (or greater) than the next, filling the gaps with this value will
result in a series with a large "jump". Therefore, it seems sensible to use a technique that "smooths"
the series from the first known low (high) observation to the next high (low) value. However, the

distributional implications of such a procedure require careful consideration, even in large samples.

Let x,' =y, fork=2,...,n. Also let x;'= x,_,""(A(k))" (Yy-Vqy) for t,,<t<t,; k=2....n. Defining a,'=
(A(K))" (Yg-yar) vields the following relationship:

x'=x! ! . (28)

Now, the asymptotic distribution of T(p -1) in this case is :

16
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tm2

and p is the OLS estimator of p when the gaps in the series are filled via linear interpolation, a,' =
x, - X,; and {x/} is the linearly interpolated series. If we compare this situation with that in case (iii)
above, we see that there a,= 0 for all t associated with unobserved data points. So, in the iid case,
0= 0, as noted previously. In contrast, here it is the case that a' # 0 for all such t. However, ¥ a,
=Y a/and so 0= 0,%. On the other hand, ¥(a,' *) = (A(k)")Y (a)’, which implies that o> =
0;(A(k))". So, in general, (29) may be written as:

2
PP -(=HA@
T(p-1)m———* , (30)
[tweyrar
0

and this may be expressed in the form:

1 6, 1
—(—)(1- )
262 (AG)

T(p-1)=AD(T(p-1))+ R (31)

1

[tweyrar
0

where AD(T( p -1)) is the asymptotic distribution derived in (20). Now, if a,'is iid (0,0?), then 0,

= 0,7 and (31) becomes:
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1oL

T(p-1)=AD(I(p- 1)+ ——2E (32)
f[ W) dr
0

As the asymptotic distribution is shifted to the right if we linearly interpolate the gaps in the data,

the 5% and 10% critical values will be less negative than for the usual DF statistic. The corresponding

t-statistic is :

)
P 1
o /2.7
[6%/Zx,_,1? (33)
v / /
where §°=—3X (x, - px,_,)’
k=2
So under the null hypothesis,
;= T(p-1)
P 1
> 34
[lE atﬂ/LE xtl_lz] 2 (34)
T T2
1
From Phillips (1987), 1/T £a'? =o,” and 1/T? X' ,* =0, f W(r)*dr, implying :
0
10
S -0,%0 ]
o0
P 1 1 ) (35)
[[wean?
0

Since 0,°= 0,” and 0*= 0,°(A(k))" we have,
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1 2

o >y o
S(HIAB] WY - () AE) ]
2 03 o

t = 4 . (36)

p 1

1
([ weran?
0

Finally, in the iid case, the limiting distribution for the t-statistic will be :

1 o
)= (AD(tP))+1—A()1 , 37)
A® L[ wear?
0

where AD(t,) is the asymptotic distribution of the usual t-statistic shown in (22). We see that the
limiting distribution for this t-statistic is to the right of that for the usual t-statistic. The scale
decreases as well, causing the 5% and 10% critical values to be less negative than usual. Finally,

the movement of this distribution to the right should increase with k.

Shin and Sarkar (1993) showed that the limit distributions of the normalized OLS estimator
for p, and for the corresponding t-statistic, were not affected by their methods of dealing with the
gaps. However, we see that filling the gaps by linear interpolation does affect these asymptotic
distributions for the no-drift/no-trend case. So, the following asymptotic distributions will hold for
the drift/no-trend and drift/trend DF regressions when dealing with gaps in the data via linear
interpolation.

4.2 Drift/No-Trend

The limit distribution of the normalized OLS estimator, as in Section 2, is:

1
%{[W(l)]2— U-wQy [Wedr
T(p-1)>— — : (38)
[tweyrar-1[wear?
0 0
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Shin and Sarkar note that approaches (ii) and (iii) above to deal with missing data leave this result

unaltered. However, linearly interpolating to deal with the gaps :

1
%{[W(l)]z— 0 2lo - W) [W(r)dr
T(p-1)- 2 : (39)

1

1
[tweyrar-1[wiar?
0

0

As o= 0, and 0= 0, (Ak))",

2 1
%{[W(1)]2—°_32A &™-wQ) [Wedr
T(p-1)- T ° , (40)
[tweyrar-1[war?
0 0
or,
‘ 1
%{[W(l)]z—oz/oi}— wQ) [ W(rdr +E[(o§/oi)(1—A(k)'1)]
T(p-1)~ — : (41)
[tweyrdr-1 [ w@ar?
0 0
That is,

(0,0, )(1-A®)™)

T(p-1)=AD(T(p-1))+- 1 , (42)
[reyPar-1[weyar?
0 0

where AD(T( p -1)) is the asymptotic distribution from (38). Finally, if the errors are iid,
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La-am™

T(p-1)~AD(I(p- 1))+~ 1
[tweyrde-{ [w@yar?
0 0

The limiting distribution of the t-statistic in the iid case, also from Section 2, is :

1
Liwyp-1-wa)y [war
2 0

[ =

p

112

1 1

(werar-1[ wrar?)
0 0

Using linear interpolation alters the limiting distribution in the following way:

1
2o Liwr-o e - w0t [Wiar)
P o5 2 0

p

112

1 1
L[ WG ar-1 [ warP)
0 0

As 0= 0,7 and 0= 0, (A(k))",

1
2w %[[W(l)]z—(o;/oﬁm ®1-WQ), W
0

t -
P 1 1 12

[ (WY dr-[, Wrydr’]
0 0

and if errors are iid then:

La-am™

t,~ A (D) "UD(1,) +— 1
[ 1w 1dr-1 [ W)
0 0

mw

(43)

(44)

(45)

(46)

(47)
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where AD(t,) is the asymptotic distribution of the usual t-statistic reported in (44).
4.3 Drift/Trend
The limit distribution of the normalized OLS estimator p in the iid case is shown in equation

(9), namely :

%([W(l)]z—l)—W(l)A
T(p-1)-

b (48)
A=[4[W@Ydr-6 [rW()dr]- (W Q)- [ W12 [rW()dr-6 [ W(rydr]
D=[[ W) Pdr+12[ W dr [rW()dr-41 [ WP~ 121 [rW)ar?]
where all integrals are over the range [0,1].

Again, from Shin and Sarkar, this result also holds if methods (i1) or (ii1) above are used to deal with

the missing data. However, using linear interpolation :

{l[W(l)]2-A(k)'1}- w(1)A

. (49)
T( - 1)=> >
P D
where, to simplify the exposition, we have presented only the iid result in (49).
Similarly, in the iid case, the usual limiting distribution of the t-ratio, from (9), is :
1 2
—([wI"-1)-w()A4
¢ =2 (50)
P D
However, under linear interpolation:
A® PO A® - ()4
2 (51)

[ =

D1I2

where A and D are defined in (48).
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4.4 Augmented Dickey-Fuller Tests
The above discussion is all in terms of “simple” (rather than “augmented”) DF tests. The
ADF and DF "t-statistics" have the same limit distributions, as long as we choose the
augmentation level to grow with T (Banerjee ef al. (1993, p106) and Said and Dickey (1984)).
So, asymptotically, augmenting does not affect the above results relating to missing data.
However, augmenting does affect the finite sample properties of the tests (e.g., Schwert (1989)
and Dods and Giles (1995)). Therefore, the ADF test is considered separately from the DF test in

the simulation experiment described in Section 5.

5. A SIMULATION EXPERIMENT
In practice, the finite-sample properties of all three procedures for dealing with the missing data
are of considerable interest. We have used Monte Carlo simulation to compute the empirical sizes
(in the sense described earlier) of the modified DF tests. These sizes were then compared with
their nominal sizes based on the 5% and 10% critical values of MacKinnon (1991), which assume
no breaks in the data. Size-adjusted powers were obtained as follows. Using the simulation
results associated with empirical sizes above, the the true critical value needed to cut off exactly
5% or 10% in the left tail of each null distribution was found by iteration. Then, the models were
simulated under the alternative hypothesis, for various stationary values of p, and using this exact
critical value (rather than the nominal MacKinnon critical value), rejection rates were computed
for the null hypothesis. When the DGP contained MA errors, as in equation (53) below, Monte
Carlo simulations were run to obtain the replacement critical values in order to develop power

curves for each value of 9.

The interest in such size-adjusted power curves, even though the typical practitioner may not
adjust the critical values this way, is that they can be compared with one another directly for the
purposes of assessing power rankings. In addition, unadjusted power curves were obtained by
using MacKinnon’s critical values under the alternative hypothesis, as would most applied
researchers in practice. These curves represent raw rejection rates of the 1(1) null when it is false

to some degree, and care must be taking in comparing them directly’.
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Modified ADF tests for a unit root are also considered here. The level of augmentation chosen
followed evidence from Dods and Giles (1995), who showed that for sample sizes up to 100
observations, assigning p = 4 is an effective strategy in terms of low size-distortion. As we consider
samples only up to this size, this same value of p is used to simplify the following analysis. (There
is clearly scope for further research based on other choices of p). The three usual ADF regression

equations are:

4
AY=(p-1)Y, +Sy AY, +u/
i=1
4 /!
AY =p+(p-1)Y, ,+Z vy AY, +u, (52)
im1

4

7

AY =p+Bt+(p-1)Y,_+Z v AY, +u, ,
1=l

where it is assumed that u/, u,", and u," are iid N(O,1).

The time-series considered in our study follow the A-B sampling scheme used by Shin and
Sarkar. That is, there are A observed values followed by B missing values, repeated m times over
the sample, so the total number of available observations is mA. Under this scheme observations
are defined by the k (Ax1) vectors Y, Yy,...,Ygepy, Where Yy = (Yyaipy1o-- - Yaarya) for h="0,1,... (k-
1). Two forms of missing observations are examined, and these could be motivated by stock (rather
than flow) data are generated monthly but only observed quarterly (A = 1 and B = 2), or generated
quarterly but observed annually (A = 1 and B = 3). Three different values of m (10, 20, 30) were
used, but for the ADF tests only m = 20, 30 were used. The total numbers of observations, including
gaps, for each value of m were 28, 58, and 88 for the A =1, B =2 case; and 37, 77, and 117 for
the A=1, B =3 case. The experiment was replicated thousand replications all combinations of m
=10, 20, 30; A-B =1-2 | 1-3; p = 1.0 (0.05) 0.70; and nominal significance levels of 5% and 10%.

The DGP with moving average errors was" :

Y=pY,_,+ (e,-0¢, ) , (53)

where 6 =0 +0.25, +0.50, +£0.75.
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6. RESULTS’
6.1 Regular Dickey-Fuller Regressions

The series Y, was generated as :

Yt=th—1+et : (54)

where Y,=0, €, ~iid N(0,1). We then considered the following DF regressions:

AY=(p-1)Y, _,+e,
AY=p+(p-1Y,  +e; (55)
AY =p+Br+(p-1Y,  +e,

where the error terms are assumed to be 1.i.d. with constant mean and variance. For all values of m
(the number of observed values), for both nominal significance levels, for both A-B sampling
schemes, and for all three DF regressions, less “size distortion” (i.e., the difference between pre-
assigned significance level and the empirical rejection rate under the null) emerged when the series
was "closed", as opposed to when the gaps were filled in with the last observed value. Tables 1
and 2 illustrate this. However, these results were less clear when the gaps were filled by linear
interpolation. The amount of size distortion depended on the form of the DF regression. When the
gaps were ignored, the "no-drift/no-trend" and "drift/trend" DF tests had less size distortion than their
linear interpolation counterparts, for all values of m, and both significance levels, and both A-B
sampling schemes. When ignoring the gaps, the "drift/no-trend" tests sometimes had more size
distortion than did their linear interpolation counterparts, for all scenarios examined, as is shown in

Table 3 for m = 20.

When comparing the two methods of filling in the gaps, the sample size determined which
method had less size distortion. By filling in the gaps by linear interpolation for m = 10, 20, for both
nominal significance levels, and for both sampling schemes, less size distortion was evident than

when the last observed value was used. However, this advantage disappeared when m = 30.
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A comparison of size-adjusted powers yielded similar results: ignoring the gaps is a more
powerful strategy than the other alternatives. Figure 1 and Tables 4 and 5 illustrate this for m = 30
and A-B = 1-2, at the 10% significance level. This power gain was especially pronounced when
compared with the linear interpolation strategy. The power curves resulting from closing the series
increase as p decreases and were always greater than their counterparts for the linear interpolation
case, for both A-B sampling schemes, and for all DF regressions. In fact, the power curves for the
linear interpolation method generally decreased with p, for all values of m and for both A-B

sampling schemes. Exceptions included the "no-drift/no-trend" DF regressions for m = 10.

Filling the gaps with the last known value produced power curves that increased as p decreased for
m = 20, 30, and for both A-B sampling schemes. However, these powers were dominated by those
associated with "closing" the gaps in the data. In addition, the power curves associated with tests
based on the "no-drift/no-trend" DF regressions were exactly the same under both of these
approaches. This did not occur when the linear interpolation method was used. This interesting
result has been investigated further, but without a complete resolution. We have established that it
does not arise from an algebraic equivalence between the (adjusted) test statistics. It appears to be

a distributional result, and we are examining this issue further in related work.

Examining the power curves we see that filling in the gaps with the last known observation
produces unit root tests which are far more powerful in finite samples than those based on the linear
interpolation approach, which can result in a biased test. Apparently this arises because the latter
method introduces non-independent values to “fill the gaps”. For all values of m, for both
significance levels, for all DF regressions, and for both A-B sampling schemes, the previous
observed value method of filling the gaps in the series resulted in the highest power curves. Figure
1 shows the corresponding power curves for m = 30, for A-B = 1-2, and for the "drift/trend" DF

regression, at the 10% significance level.
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6.2 MA Errors: Dickey-Fuller Tests
This section describes the nominal sizes and powers for all three ways of dealing with the
gaps when the DGP under MA errors is as given in Section 5, and 6 = 0.0 or 0.50. For the other
values of 0, the linear interpolation procedure was dropped due to the low power of the tests.

Considering first the situation when O > 0, the specification of the DF regression was an

important determinant of the method exhibiting the least amount of size distortion for m = 10,
20. When the DF regression was specified with either drift/no-trend, or drift/trend, less size
distortion was evident in the closed series as compared with the series where the gaps were filled
with the last known observation. On the other hand, replacing the gaps with the last known value
generated the least amount of size distortion when the no- drift/no-trend DF regression was used,
for both A-B sampling schemes and both significance levels. However, for m = 30, filling the
gaps produced /ess size distortion than using the closed series for all DF regressions. Linear
interpolation generally produced tests with /ess size distortion than those corresponding to
closing the series or using the previous known observation to replace the gaps. For both sampling

schemes, both significance levels, and m = 20, 30, linear interpolation minimized the degree of

size distortion.

Closing the series produced unit root tests which were more powerful than those obtained
by filling the gaps. As m increased or O decreased, the differential between the power curves
decreased. Figures 2 and 3 show the power curves for representative drift/trend cases.
1

When size-adjusted powers were calculated, the linear interpolation method was far less powerful
than closing the series. Table 6 shows the size-adjusted powers for A-B = 1-2 sampling scheme and
m = 30 at the 10% significance level for the closed series and the series filled by linear interpolation.
Filling in the series with the last known value and ignoring the gaps produced tests which were

comparable in power, with the linear interpolation method being quite inferior.
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As expected, O = 0.75 produced a large amount of size distortion for both the closed and full
series and this distortion increased with the value of m. Filling the gaps resulted in /ess size
distortion than did using the closed series for all values of m, for both sampling schemes, for all DF
regressions, and for both significance levels. Table 7, for example, reports the sizes when m = 10
and A-B = 1-2 at the 10% significance level. The unit root tests were more powerful when
the gaps were ignored instead of replaced. Figure 4 shows the power curves for 6 = 0.75, m = 30,
A-B = 1-2, and the drift/trend DF regression, at the 10% significance level. However, the unit root
tests were not as powerful as O approached one. Figure 5 shows representative power curves for

various 0 > 0.

With 0 < 0, closing the series produced /less size distortion as compared to filling the gaps
in the data, and this distortion increased as drift and/or trend terms were added to the DF regressions,
but did not vary systematically with ©0. Again, the powers of the unit root tests were greafer when

the gaps in the time-series were ignored.

The unit root tests remained more powerful when the gaps were ignored, as compared to
filling the gaps in some way, as is illustrated in Figure 6. Further, the powers of the unit root tests

are generally greater for positive O than for their counterparts when 0 is negative.

6.3 MA Errors: Augmented Dickey-Fuller Tests
The DGP remained the same as in Section 6.2, but now the usual DF regressions were augmented
in the same way as Said and Dickey (1981), and as reported in equation (52) above, with
an augmentation level of p = 4 following the eveidence of Dods and Giles (1995). For illustrative

purposes, we discuss here just the results relating to 6 = 0 and 0 = +0.50.

For 6 > 0 and sampling scheme A-B =1-3 (with m = 20 and 30, and the two significance levels)
less size distortion arose when the gaps were replaced with the last known observation, as
opposed to closing the series. However, for sampling scheme, A-B = 1-2, both values of m, and

both significance levels, the opposite was true. (This relationship did not hold for the no-drift/no-
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trend DF regression for both values of m, and for both significance levels.) The converse was true

for 6 <0, and all forms of the ADF regression.

In the case of size-adjusted power, augmenting the DF regressions produced curious results:
filling the gaps with the last known observation produced more powerful unit root tests in
comparison with the powers of the unit root tests obtained by ignoring the gaps. This result did not
depend on the degree or sign of the MA effect, as can be seen from Figures 7, 8 and 9, and neither

did it depend on the inclusion or exclusion of drift or trend terms in the ADF regressions.

7. CONCLUSIONS

In this study we have considered the asymptotic and finite-sample distributions of the normalized
OLS estimator for p, and the corresponding "t-statistic", for testing the null of a unit root
in time-series data with missing observations. Shin and Sarkar (1993) give the limiting
distributions associated with a set of data with no missing observations, a time-series where the
gaps are ignored (i.e., the series was closed), and a time-series where the gaps are replaced with
the last available observation. They show that replacing the gaps with the last observation, or
simply ignoring the gaps, does not alter the usual asymptotic results associated with such Dickey-

Fuller statistics. We reproduce these results in this paper.

We have extended their results by proposing a linear interpolation method for dealing with
the gaps in the data. We prove that the limiting distribution of the normalized OLS estimator of
p, T(p -1), includes an adjustment factor which results in critical values that are less negative than
for the usual DF statistic. Further, the resulting asymptotic distribution for the DF t-statistic also
includes an adjustment factor which causes the critical values to be less negative than usual. It
is important to note that a// of these asymptotic results are invariant to the number or pattern of

missing data-points in the series.

We have investigated the finite-sample properties of these tests via a simulation experiment

which uses the repetitive "A-B sampling scheme" to create gaps in the time-series. While Shin
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and Sarkar addressed only size-unadjusted powers, our study also considers size-adjusted powers,
thus facilitating proper comparisons. We have also extended the earlier work by allowing for DGP's
with moving-average errors, and the "augmented" DF tests. Although the level of size distortion
among the methods of dealing with the gaps varied throughout the study, closing the series produced

the best power curves under all circumstances.

The regular DF unit root tests were always more powerful when the gaps were ignored, as
compared with the two alternatives. When replacing the gaps, using the last available observation
produced more powerful unit root tests than those calculated when using linear interpolation to fill

the gaps in the data.

With MA errors imposed in the DGP and using regular DF regressions, closing the series
proved to be more powerful than replacing the gaps with the last available observation. When using
the augmented DF procedure, the power of the unit root test was superior when the gaps were
replaced instead of ignored. As a result, this finding would suggest filling the gaps with the last

known observation when augmenting the DF regressions to combat the existence of MA errors.

It is clear from this study that when testing for a unit root using regular Dickey-Fuller type
procedures in time-series data with missing observations, ignoring the gaps (i.e., closing the series)
will yield the best results. However, when using the augmented DF procedure to combat MA errors
in time-series data with missing observations, filling the gaps in the data with the last known
observation yields more powerful unit root tests, as compared to ignoring the gaps. Furthermore,
regardless of the method used to deal with the gaps, be it ignoring or replacing with the last known
observation, we can still use the regular DF critical values because the estimator for p in the
resulting series has the same asymptotic distribution as the estimator for p in a series with no

missing observations.

Although these results provide some useful prescriptions for applied researchers who wish

to use Dickey-Fuller unit root tests with incomplete or infrequently observed time-series data, there
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is scope for further research. First, it must be re-emphasised that we have considered only DGP's
which exclude both drift and trend, and the above prescriptions may very well change in more
general settings. Further, Shin and Sarkar’s (1994a) study of Hall’s instrumental variable approach
could be extended to include size-adjusted power; and other ways of choosing the augmentation
levels for the augmented Dickey-Fuller unit root tests could be explored. We explored the possibility
of using a dummy-variables approach (in the spirit of Perron (1989)) to DF testing with missing data,
and the discouraging results are reported by Ryan (1996). Other unit root tests could be evaluated
in the context of missing data. For instance, the Durbin-Watson testing approach of Hisamatsu and
Maekawa (1994), seasonal unit root tests (eg., Hylleberg ef al. (1990)), and other unit root tests
constructed so that the null hypothesis is that the series is stationary and the alternative is that it is
I(1) (e.g., Kwiatkowski et al. (1992)) could all be analyzed. Although we have not considered the
Phillips-Perron (1988) test in this study, it would be worthy of investigation in the context of missing
observations and their mixing-type heterogeneity of the errors. Finally, there is the important problem

of the effects of missing data on tests for cointegration between different time-series.
As we have emphasized in introducing the work in the paper, missing or infrequent observations are
a fact of life when working with economic time-series data, and it will be important to consider the

implications of such contaminations for the full suite of tests that underly modern time-series

econometrics.
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NOTES
1. See Harvey (1989, p.304 and pp.406-407).

2. Here, and throughout the rest of this paper, “empirical size” (or just “size”) will imply the
proportion of times the null is rejected when it is true, regardless of any other contamination

effects in the overall model. “Power” will be defined analogously when the null is false.

3. Note, however, that if one test has lower empirical size than a second test, and also has higher
unadjusted power than the second test (under the same conditions), then the first test is

unambiguously more powerful than is the second, under those conditions.

4. We have limited our study to the situation where the DGP excludes drift or trend terms. This
accords, of course, with the standard Dickey-Fuller analysis, but is rather restrictive in practice.
We are grateful to Tom Fomby for correctly pointing out that if the maintained hypothesis
allowed for drift and trend, one might expect a better performance from both the "closing the
gaps" and "interpolation methods, especially as the gap lengths increase. This caveat should

be borne in mind when interpreting the following results.

5. See Ryan (1996) for a more comprehensive set of results from this study.
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Note:

Table 1: Unadjusted Powers : DGP Equation (54)

(A-B=1-3; m =105 6 = 0.0, 5% significance level)

Gl1

0.0524
0.1195
0.2199
0.3446
0.4616
0.5634
0.6394

G2

0.0206
0.0399
0.0666
0.1000
0.1369
0.1810
0.2275

G3

0.0268
0.0279
0.0387
0.0556
0.0765
0.1019
0.1264

P1

0.0276
0.0611
0.1129
0.1950
0.2882
0.3783
0.4566

G1 - No drift, no trend, gaps closed

(32 - Drift, no trend, gaps closed

(3 - Drift, trend, gaps closed

P1 - No drift, no trend, previous value used

P2 - Drift, no trend, previous value used
P3 - Drift, trend, previous value used

P2

0.0120
0.0120
0.0107
0.0102
0.0117
0.0131
0.0173

Table 2: Unadjusted Powers : DGP Equation (54)

(A-B =1-3; m =305 0 = 0.0; 10% significance level)

Gl1

0.0969
0.6051
0.9406
0.9931
0.9986
0.9995
0.9998

G2

0.0766
0.2400
0.5528
0.8628
0.9354
0.9804
0.9922

G3

0.0757
0.1597
0.3564
0.6661
0.7831
0.8964
0.9515

P1

0.0879
0.5668
0.9269
0.9732
0.9982
0.9995
0.9998

G1 - No drift, no trend, gaps closed

(32 - Drift, no trend, gaps closed

(3 - Drift, trend, gaps closed

P1 - No drift, no trend, previous value used

P2 - Drift, no trend, previous value used
P3 - Drift, trend, previous value used

P2

0.0754
0.1841
0.4510
0.7996
0.8918
0.9586
0.9848

P3

0.0108
0.0076
0.0077
0.0076
0.0077
0.0073
0.0068

P3

0.0640
0.1037
0.2278
0.5620
0.6276
0.7760
0.8709
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Table 3: Unadjusted Powers : DGP Equation (54)
(A-B =1-3; m =20; 0 = 0.0; 5% significance level)
G1 G2 G3 L1 L2

0.0561 0.0286  0.0318 0.0001 0.0521
0.2344 0.0823  0.0515 0.0003  0.0026
0.5341 0.1842  0.1051  0.0027  0.0000
0.7814 0.3355 0.1908 0.0103  0.0000
0.9091 0.49500  0.2979  0.0203  0.0000
0.9589 0.6320  0.4095 0.0600  0.0001
0.9801 0.7370  0.5093  0.1048  0.0003

G1 - No drift, no trend, gaps closed

(32 - Drift, no trend, gaps closed

(3 - Drift, trend, gaps closed

L1 - No drift, no trend, linear interpolation used
L2 - Drift, no trend, linear interpolation used
L3 - Drift, trend, linear interpolation used

Table 4: Size-Adjusted Powers : DGP Equation (54)
(A-B=1-2; m=30; 6=0.0; 10% significance level)
G1 G2 G3 P1 P2

0.1000 0.1000  0.1000  0.1000  0.1000
0.4432 0.2338  0.1609 0.4432  0.2013
0.8202 0.4707 03053 0.8202 04101
0.9628 0.7148 0.4885 0.9628  0.6502
0.9937 0.8752  0.6795 0.9937 0.8294
0.9986 0.9516  0.8159 0.9986  0.9296
0.9994 0.9809  0.9050  0.9994  0.9725

G1 - No drift, no trend, gaps closed

(32 - Drift, no trend, gaps closed

(3 - Drift, trend, gaps closed

P1 - No drift, no trend, previous value used
P2 - Drift, no trend, previous value used
P3 - Drift, trend, previous value used

L3

0.0202
0.0080
0.0020
0.0013
0.0007
0.0003
0.0002

P3

0.1000
0.1340
0.2412
0.3989
0.5751
0.7315
0.8420
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Table 5: Size-Adjusted Powers : DGP Equation (54)
(A-B =1-2; m =305 0 = 0.0; 10% significance level)
P G1 G2 G3 L1 L2 L3

1.00 0.1000 0.1000  0.1000  0.1000  0.1000  0.1000
0.95 0.4432 0.2338  0.1609 04398 0.0190 0.0715
0.90 0.8202 04701 03053 07718 0.0286  0.0662
0.85 0.9628 0.7148 04885 09109 0.0712  0.1000
0.80 0.9937 0.8752 06795 0959  0.1403 0.1624
0.75 0.9986 0.9516  0.8159 09790 02483  0.2501
0.70 0.9994 0.9809  0.9050 09892 03774 0.3584

Note:  G1 - No drift, no trend, gaps closed
(32 - Drift, no trend, gaps closed
(3 - Drift, trend, gaps closed
L1 - No drift, no trend, linear interpolation used
L2 - Drift, no trend, linear interpolation used
L3 - Drift, trend, linear interpolation used

Table 6: Size-Adjusted Powers : DGP Equation (53)
(A-B =1-2; m = 30; 6 = 0.50; 10% significance level)
P G1 G2 G3 L1 L2 L3

1.00 0.1000 0.1000  0.1000  0.1000  0.1000  0.1000
0.95 0.4424 0.2728 0.1632 04473 0.0854  0.0929
0.90 0.8097 0.5117 02891 0.7912 0.1626  0.1233
0.85 0.9553 0.7307 0.4464 09313 0.2921 0.1897
0.80 0.9917 0.8625 0.5974 09717 04392 02749
0.75 0.9973 09306  0.7110 0.9864  0.5666  0.3717
0.70 0.9989 0.9617  0.7955 09906 0.6636  0.4604

Note:  G1 - No drift, no trend, gaps closed
(32 - Drift, no trend, gaps closed
(3 - Drift, trend, gaps closed
L1 - No drift, no trend, linear interpolation used
L2 - Drift, no trend, linear interpolation used
L3 - Drift, trend, linear interpolation used



Table 7: Unadjusted Powers : DGP Equation (53)
(A-B =1-2; m =105 6 = 0.75; 10% significance level)
P G1 G2 G3 P1 P2 P3

1.00 0.4486 0.4233 03583 03809 02631 0.1229
0.95 0.6762 04695 03686 05962 02363 0.1126
0.90 0.8190 0.4944 03885 0.7429 0.2243  0.0989
0.85 0.8847 0.5296 04048 0.8284 02364 0.0841
0.80 0.9169 0.5642 04225 08714 02581 0.0724
0.75 0.9336 0.5941 04345 0.8935 0.2742  0.0655
0.70 0.9436 06185 04446 09056 02868  0.0601

Note:  G1 - No drift, no trend, gaps closed
(32 - Drift, no trend, gaps closed
(3 - Drift, trend, gaps closed
P1 - No drift, no trend, previous value used
P2 - Drift, no trend, previous value used
P3 - Drift, trend, previous value used



