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Background

Consider a regression model y; = g(x;;0) + &, i =
1,---,n, where y; Is the ith observed response at x;,

0 € R is the unknown parameter vector, g(x;; ) can
be a linear or nonlinear function of 0, and &;’s are 1.1.d
having mean 0 and variance .
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Design problem

Find optimal distribution é(x) of X to minimize the
variance of 0, the estimator of 0.
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Research Question

The ordinary least squares estimator (OLSE) performs
well under the assumption that the error distribution is
normal or symmetric. However, it is not efficient if the
error distribution is not symmetric.

We will explore the optimal designs when the error
distribution Is asymmetric.

Methods

From Wang and Leblanc (2008), the second-order least
squares estimator (SLSE) P, of ¥y = (0',0%)'
minimizes
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where W;’s are 2X2 positive semidefinite matrices.

The optimal SLSE has
Cov(Os.5e) = (1_t)0'§ (G, _tglng)_li
where
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0, and o, are true values for @ and o, respectively, and
we have 0 < t < 1 for any error distribution, which Is an
Indicator to reflect the skewness of error distribution.

|_oss function

Let A(W)=G,(w)-tg,(w)g, (W),

» D-optimality: ¢ ,(w) = det(A(w)™1)

* A-optimality: ¢ ,(w) = trace(A(w)™1)

Design criteria

[ D-optimality criterion ]

[ A-optimality criterion ]
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Results and discussion
CV X and SeDuMi programs in Matlab

Define
1 ﬁgf(w)J
Jtg,(w)  G,(w) )

B(w) is a linear function of w, and we have
det(A(w)) = det(B(w)).

CVX program for D-optimal design
Minimize -
¢ ,(w)

Also, ¢ ,(w) = trace(A(w)™1) = trace(C(B(w))™1),
where C= 0D I,.

B(w) :(

Minimize —log(det(B(w)))
or —(det(B(w)))Y/(@+1)

Define B, =
e. V.

B(w) e
B9 8] izt

H(w,v)=B,®.--®B__, ®D(W),

g+1

where w = (wy, Wy, =+, Wy_1,1 — Z?;ll w;)', e; is the
ith unit vector in R9*%, v = (v, -+, v,441)" and

D(W) = diag(wy, -+, Wn_1,1 = XI55 wy).

SeDuMi program for A-optimal design

e . ™ o +1 )
min, (W) ming , 291 v
subjectto: Xw; =1 > gsubjectto: H(W,v) =0

w; =0
g t— g Y,

Invariance properties of A-optimal design

For symmetric design space, if the model follow certain
properties, the A-optimal design Is also symmetric.
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design space S=[0,5], a =1,6; = 1,5, = 2, locally
optimal designs:
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Quadratic model with two variables:
Vi = 01x;1 + 0% + 03(x;1) 404 (X;2)* +05x:1 X7 + &
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