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Abstract 
 

Environmental issues have been stricken our planet in different areas. Current 

worldwide problems, for instance, water shortage and the increasing demand for energy 

can be mitigated by employing technological mechanisms, such as a well-established 

osmotic process for salt water desalination known as reverse osmosis (RO), and a 

promising technology for generating power from salinity gradient sources, called 

pressure retarded osmosis (PRO). This work aims to mathematically model the core 

component of RO and PRO systems, which is the membrane module, working in 

different conditions and graphically characterize its efficiency using performance 

indicators to support researchers and people in industry to design and implement RO 

and PRO systems in a less complex and more reliable way. To reach this goal, 

segmented mathematical models of a 5-inch scale Toyobo HP5255SI-H3K hollow fibers 

membrane module were developed for the RO and PRO processes using the solution-

diffusion and friction-concentration polarization transport models, mass balances and 

pressure drop equations. After validating the models and performing simulations, the 

performance curves obtained were able to provide the optimum values of inlet 

parameters for both RO and PRO processes that led to generate the best results in 

terms of volume flow rate and salinity of permeate, recovery ratio, salt rejection rate, 

power density and net power output. In addition, some interesting discoveries were 

acquired from the results such as an unused portion of membrane area in the radial 

direction and the influence of flow velocities on entropy generation, salt and water 

fluxes within the membrane module in the RO process, as well as how input 

parameters as hydraulic pressures and flow rates impact power generation in PRO 

systems and how to mitigate the reverse salt flux in this process. Finally, the possibility 

of integrating RO and PRO systems to desalinate salt water and produce power from 

the resulting permeate and brine solutions is also discussed and arguments on the 

reasons why such systems would not work with current technology are presented. 
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1. Introduction  

 

 

Chapter 1 

Introduction 

 
This work characterizes graphically the efficiency of membrane modules to be 

used in Reverse Osmosis (RO) and Pressure Retarded Osmosis (PRO) processes using 

performance indicators. It was divided into five chapters as follows: 

 

 Chapter 1 introduces current concerning environmental issues (i.e. quality 

water scarcity worldwide and dependency on fossil fuels for producing 

energy) and presents a solution for mitigating these problems, which is by 

employing osmotic processes as RO and PRO systems. The objectives of this 

study are also presented in this chapter; 

 Chapter 2 explains the working principles of RO and PRO processes, main 

concepts related to them, and the equations used for mathematically 

modelling their core component (membrane module); 

 Chapter 3 demonstrates how the mathematical models were developed and 

presents the inlet parameters and validation procedure for the models; 

 Chapter 4 is dedicated to present and discuss the results of the simulations, 

validation and performance curves; 

 Chapter 5 ends this study with the conclusions obtained from the results and 

offers suggestions for future work on this topic. 

 

1.1 Environmental background 

 

Our planet faces serious environmental challenges in a wide range of areas. One 

of the major concerning areas is the availability of natural resources (e.g. water), which 

have been scarcer each day. Water scarcity in many regions worldwide is a severe 

problem these days. Quality water shortage affects more then one-third of the world 

population, and this amount is expected to rise significantly in the upcoming years [1]. 

Studies have shown that 1.2 billion people have no access to safe potable water and 2.6 

billion have poor sanitation conditions, resulting in numerous deaths every year [2]. 

Another current environmental issue is the global demand for energy, which has been 

increasing substantially due to world population growth linked to the economic 

development of many countries [3]. The worldwide demand for primary energy source 

reached the highest rate since 2010 and fossil fuels represent the main energy source 
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consumed [4]. This increased greenhouse gases emissions and accelerated climate 

change on the planet [5]. Fortunately, according to current estimations, around 30% of 

the total global energy generation comes from renewable energy sources [6]. Before 

these concerning scenarios, it must be acknowledged that there is a strong necessity to 

address global water supply in water-stressed regions, as well as energy needs in 

different parts of the globe while decreasing the worldwide dependence on fossil fuels. 

 

1.2 Desalination and Reverse Osmosis (RO) 
 

In order to mitigate the overload on water supply, technological mechanisms 

must be employed. The only technologies that allow increasing the amount of water 

available for human consumption are water reuse and desalination [1], which is a 

process for producing water with proper quality in terms of salt concentration (salinity) 

for human consumption from salt water [7]. Between these two alternatives, salt water 

desalination is able to provide a clearly stable and unlimited source of quality water. 

The main water reservoir on Earth is the oceans. Salt water accounts for 

approximately 97% of all existing water on the planet, while around 2% of water 

supply is locked in icecaps and only another 0.5% is available as freshwater [8]. There 

are also large quantities of water under the Earth’s surface, however many of them are 

located too deeply and may not be economically feasible to be obtained. Given the 

massive amount of salt water available on the planet, desalination is an important 

method for obtaining fresh water [9]. Currently, there are approximately 15,900 fully 

operational desalination plants in 177 countries, supplying nearly 95 million m3/day of 

fresh water for human consumption [10], which corresponds to only 3% of the overall 

daily water usage on the planet [11]. Despite of this, some countries, e.g. Saudi Arabia, 

United Arab Emirates, China, etc. [7], strongly rely on desalination systems to address 

their freshwater demands [9]. 

Currently, the most commercially dominant technologies for desalination are 

Multi-Stage Flash (MSF) distillation and the membrane-based process named Reverse 

Osmosis (RO) [9]. Over the years, the use of RO processes hsas increased significantly 

due to membrane technology improvements, which provide several advantages for such 

systems due to its simpler construction and operation, good efficiency, compactness, 

ease of process automation and economical feasibility [9, 12, 13]. This set of assets has 

made the RO technology the most popular and reliable state-of-the-art technique for 

salt water desalination [13]. Nowadays, approximately 84% of the operational 

desalination plants worldwide are based on RO technology and produce around 65 

million m3/day of desalinated water, which corresponds to 69% of the total volume of 

desalinated water produced around the world [7]. 

 

 



15 

 

However, RO processes present some limitations. The main drawback is 

membrane fouling, which might lead to a reduction on fluxes, interfere on the permeate 

quality, reduce the membrane lifespan, and raise maintenance costs. Also there might 

be a need for feed water pre-treatment or brine treatment before discharge in some 

cases [13], which are common obstacles in other desalination methods. 
 

1.3 Salinity gradient energy and Pressure Retarded Osmosis (PRO) 
 

From the energy point of view, renewable energy usage must be increased to 

reduce the dependence on fossil fuels. Nowadays, renewable energy can be obtained 

from different sources as wind, solar, hydro, etc. A novel renewable energy source that 

has drawn attention from the research community over the past few decades is the 

salinity gradient source. This energy source is based on mixing two solutions with 

different salinities which allows energy to be released due to the chemical potential 

difference between the two solutions [14]. Thanks to recent technologies capable of 

controlling the mixture of these two solutions, energy can be produced and converted 

into a more convenient form as electricity [15]. 

The principle of applying mechanisms to extract salinity gradient energy from 

the mixture of two solutions with different salinities (e.g. water from sea and rivers) to 

generate power has been investigated since the 1970’s. It is acknowledged that there 

are rivers all over the world with massive potential for salinity gradient energy 

production [16]. The estimated amount of global energy released by the mixture 

between water from sea and rivers is estimated to be approximately 2 TW [15], which 

corresponds to nearly 8.5% of the world electricity demand in 2020 [17]. Table 1.1 

shows the potential power generation capacity for some major rivers worldwide. 

According to Table 1.1, it would be theoretically possible that the mentioned rivers 

would be able to supply up to 42,070 MW, which would be sufficient to provide electric 

energy for more than 470 million households in different parts of the world. Of course, 

it is not feasible to deviate the course of such large rivers in economic, practical or 

environmental terms, but this gives an idea of the potential of electricity production for 

remote areas that could be achieved using medium or small-scale plants. 
 

River 
Average flow rate 

[x103 m3/s] 

Power capacity 

[MW] 

Electricity supply 

[x103 households]a 

Amazon river, Brazil 200 20,800 77,600 

La Plata river, Argentina 80 8,320 29,100 

Congo river, Congo 57 5,930 282,300 

Yangtze river, China 22 2,290 5,800 

Ganges river, Bangladesh 20 2,080 74,300 

Mississippi river, USA 18 1,870 1,300 

Columbia river, USA 7.5 780 550 

Table 1.1: Osmotic power generation capacity of rivers around the world [5].  
a This estimative is based on household’s average consumption in each country. 
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A suitable and promising solution to make effective use of this opportunity is 

the implementation of another membrane-based process, called Pressure Retarded 

Osmosis (PRO). PRO systems, have been proven to achieve superior efficiency 

compared to other technologies for extracting energy from salinity gradient sources 

[18]. PRO also offer advantages over other systems for energy recovery and power 

generation (e.g. solar and wind) such as: steady and reliable source of power 

production; flexibility to control power generation and possibility to be integrated to 

desalination processes [3, 5, 19].  

The main limitation of PRO systems is their modest efficiency with current 

membrane technology [20]. The practical feasibility of PRO systems is another concern 

because it may not be economically and/or environmentally advantageous to make 

changes in the course of a river to implement such process. Another limitation on PRO 

processes is the necessity of pre-treating the incoming flows. One of the incoming 

solutions needs to be treated (usually it is not clean enough) for avoiding membrane 

fouling, while the other requires pre-treatment before entering the process due to its 

higher concentration of salt in some cases [21].  

 

1.4 Objectives 
 

Currently, RO processes are a consolidated technology for desalination [12] and 

they are crucial for many countries across the globe for allowing them to meet a 

humanitarian function of supplying freshwater to their population. Whereas PRO 

systems are still a concept in development for producing power from a renewable 

energy source. In order to properly fulfill their environmental and humanitarian roles, 

these systems should operate as efficiently as possible. 

The initial intention of this work was to perform computational optimizations of 

RO, PRO and combined RO-PRO, also called Osmotic Energy Storage (OES), systems 

working with different sets of input parameters. After analysing this plan, it was 

observed that what the optimization process would do was to simulate the models 

repeatedly using different input parameters. This would take too much time to obtain 

only a small set of results with the best values for each simulated condition, which 

seemed to be not worthy due to the high computational costs.  

From this initial plan, a more appealing opportunity was identified. Instead of 

running a massive number of simulations only varying the input parameters to find the 

optimum results, it was decided that a more feasible and meaningful option in terms of 

computational costs and practical application, would be to simulate the models with 

the range of input parameters only once and collect the results in a database. Then, use 

the obtained results for future optimization processes. This way, simulations would be 

resolved and the computational efforts required for the optimization process would be 

significantly smaller. 
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However, encouraged by a demand from the RO industry on how to graphically 

quantify the efficiency of the core component used in RO and PRO systems (the 

membrane module), then we decided to mathematically model this component on 

MATLAB and use the results from the simulations to create meaningful plots, that is, 

to graphically characterize the efficiency of membrane modules using performance 

indicators, especially for the RO process since it is already an established technology. 

This is the purpose of this work. By doing this, it was possible to gain a broader 

understanding on how the membrane module work in RO and PRO systems for a 

variety of different conditions, since manufacturers of this component only provide a 

very selective set of data due to internal confidential reasons. 

This research is useful for researchers and people in industry to make the design 

and implementation of RO and PRO systems less complex and more reliable. Because 

it allows them to totally focus on other aspects of their systems and improve them with 

no need for spending too much time and resources on performing countless simulations. 

Hence, to reach the goal of graphically characterizing the efficiency of membrane 

modules for RO and PRO systems, the following specific objectives were established: 

 

a) Mathematically model and simulate a membrane module using actual data; 

b) Validate the proposed models by using the same input parameters as 

experimental studies found in literature; 

c) Generate meaningful plots from the results that describe the performance of 

the membrane module working on RO and PRO processes under different 

conditions; 

d) Discuss what relevant information can be understood from those plots, e.g., 

if the whole available membrane area is being fully used, the influence of 

flow velocities within the membrane module over the output results, the 

feasibility on integrating RO and PRO systems to perform desalination and 

produce power, etc. 
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2. Concepts and equations for RO and PRO systems 

 

 

Chapter 2 

Concepts and equations for RO and PRO systems 

 
This chapter presents the working principles of RO and PRO processes, as well 

as main concepts related to them. The governing laws and equations used for modeling 

these processes are also presented and explained. 

 

2.1 Overview of RO and PRO processes 
 

As previously mentioned, the RO process is used for desalination, while PRO is 

a process for producing power from salinity gradient sources. Both processes, 

respectively depicted in Figures 2.1 and 2.2, work based on the osmotic pressures of 

their inlet solutions, which is a colligative property that depends on the fluids 

temperature and concentration as presented ahead in section 2.2. 

 

 

Figure 2.1: General diagram of the RO process. 

 

The RO process shown in Figure 2.1 uses hydraulic pressure differences and a 

phenomenon called osmosis, which is also explained in detail ahead in section 2.2, to 

produce water with suitable salinity for human consumption from salt water. This 

process, composed by a hydraulic pump and a membrane module, presents one inlet 

and two outlet flows. The inlet flow, also called feed solution, is salt water or high 

salinity water, which is pressurized by the hydraulic pump to enter the membrane 

module. Inside this component, salt water is forced against a semipermeable membrane 

allowing water molecules to pass through, leaving major part of salt particles behind. 

The first outlet flow is the output freshwater or lower salinity water produced, named 

permeate. The other outlet flow is the highly concentrated remaining solution of the 

process, so called brine. 
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Figure 2.2: General diagram of the PRO process. 

 

The PRO process shown in Figure 2.2 also uses hydraulic pressure differences 

and the osmosis phenomenon, but to produce power. This process, which presents two 

inlet and three outlet flows, is composed by two hydraulic pumps, a pressure exchanger 

and a hydraulic turbine. The first inlet flow, also called feed solution, is freshwater or 

lower salinity water. The freshwater is pressurized by a hydraulic pump to enter the 

membrane module and once inside, a portion of it is drawn through a semipermeable 

membrane by salt water or high salinity water coming from the second inlet, which is 

named draw solution. Before entering the membrane module, the incoming salt water is 

pressurized by a hydraulic pump and sent to the pressure exchanger device to raise its 

hydraulic pressure a bit more. A highly pressurized mixture of salt water and 

freshwater flows out of the membrane module and is divided into two streams. The 

first stream is sent to the hydraulic turbine to generate power, while the second stream 

is sent to the pressure exchanger to pressurize the incoming stream of salt water. These 

are the two first outflows from the PRO process. The third and last outflow is the 

remaining portion of feed solution that was not utilized in the process. A salt water 

salinity of 0.035 kg of salt/kg of solution [22] was used as the reference salinity. 

 

2.2 Osmosis and osmotic pressure 
 

Osmosis is the phenomenon in which RO and PRO technologies are based on, 

and it is presented in Figure 2.3. Consider two salt water solutions of different 

composition (i.e. freshwater as the solvent and salt water as the solution) in a container 

at a time zero. The external pressure is the atmosphere pressure "0. The two fluids 

present equal hydraulic pressures, but different chemical potentials due to their distinct 

concentrations of salt, and are separated by a semipermeable membrane, which allows 

only water molecules to pass through (Figure 2.3a) [16].  
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Figure 2.3: Schematics representation of the osmosis phenomenon. 

 

The term osmosis is used to describe the flux of solvent (water) molecules from 

the higher chemical potential side (freshwater) to the lower one (salt water) until their 

chemical potentials reach equilibrium after a certain time (Figure 2.3b). The chemical 

potential difference between these two substances caused by their different 

concentrations of solute (salt) is the mechanism that causes the flow of solvent (water) 

from one side to the other, that is, the osmosis phenomenon [23]. 

In general terms, the specific mass based chemical potential of a certain 

component D in a mixture is expressed as [16]: 

 <R = <R(0 , " , 	) , (2.1) 

 

where <R is the chemical potential of component D at a temperature T, pressure P and 

mass concentration C. Note that these and all the other properties and variables 

introduced in this work with their respective units are presented in the first pages of 

this document on the list of symbols section on page ix. For an isothermal process, an 

infinitesimal change in chemical potential of component D is written as: 

 
<R = $R0
ln(�R	R) + 3R
"  , (2.2) 

 

where �R, 	R and 3R are the activity coefficient, mass concentration and specific 

volume of component D respectively; and $R is the gas constant of component D, which 

is calculated as: 

 

$R = $�R , (2.3) 

 

where $ is the molar gas constant; and �R is the molar mass of component D. 
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The presence of a solute dissolved in the substances on both sides of the 

semipermeable membrane not only is a parameter in which their chemical potentials 

depend on, but it also provides another property named osmotic pressure (Π). The 

term osmotic pressure refers to the hydraulic pressure difference between a solution and 

the solvent in equilibrium, when separated by a semipermeable membrane that allows 

only solvent particles to pass through [16]. In other words, osmotic pressure is a 

pressure that must be applied to the solution with the purpose of preventing solvent 

molecules to cross the membrane [5]. This is a colligative property, which means it is a 

function of concentration and temperature of the substance. Considering the 

equilibrium condition between freshwater and salt water shown in Figure 2.3a where ∆" = ∆Π, the chemical potential of water is constant across the semipermeable 

membrane and is related to its osmotic pressure as [24]: 

 <��(0 , ") = <��(0 , " + Π,��) , (2.4) 

 

where <�� is the chemical potential of freshwater as a function of its temperature and 

hydraulic pressure; <�� is the chemical potential of salt water as a function of its 

temperature, pressure and activity coefficient of water molecules. Here, " + Π is the 

total hydraulic pressure on salt water, where "  is the hydraulic pressure on water alone 

and Π is the osmotic pressure of the solution. The hydraulic pressures on both sides of 

the membrane differ by the osmotic pressure (Π). 
An empirical and general relation for the osmotic pressure as a function of the 

temperature and mass concentration of a solution is defined as [25]: 

 Π(0 , 	) = 6(0 , 	)$0  ?(0 , 	, ") �̂ , (2.5) 

 

where 6(0 , 	) is the osmotic coefficient of the solution as a function of its temperature 

and mass concentration; and ?(0 , 	, " ) is the density of the solution as a function of 

its temperature, mass concentration and pressure. These two parameters were acquired 

from experimental research [25]. �̂ is the molality of the solution, that is the number 

of mols of solute per kilograms of solvent, and it is empirically expressed as [25]: 

 

�̂ = 103)�-5�(103 − )�-) , (2.6) 

 

where is the 5� is the weighted average of the molecular weight of each dissolved 

solute in salt water, which is equal to 31.4038 g/mol [26]; and )�- is the salinity of salt 

water as a function of its mass concentration and density: 

 

)�- = 	?(0 ,	, ") . (2.7) 
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For a dilute solution (i.e., the solute concentration is considerably smaller than 

the solvent concentration in the mixture) at constant temperature, the osmotic 

pressure can be expressed by a commonly used simplified relation, which is the van’t 

Hoff equation given by [24, 27]: 

 Π = �$0	 , (2.8) 

 

where � is the van’t Hoff factor, which describes the number of particles the solute 

dissolves into. In the case of NaCl in water, for example, it values 2.  

 

2.3 Semipermeable membrane 
 

A semipermeable membrane is a flat and thin structure, which separates two 

substances and restricts the passage of one or more chemical species acting as a 

selective barrier while allowing others to pass. The mechanisms of mass transport 

through a membrane are either a diffusion of specific molecules or a fluid motion that 

results from electrical potential, concentration, pressure or temperature gradients [28]. 

The semipermeable membrane can be homogeneous, that is totally uniform throughout 

in terms of composition and structure, heterogeneous, with different chemical or 

physical compositions containing pores of various dimensions, or even a layered 

structure [29]. Current commercial materials for membranes production are polymers 

due to their thermal and chemical stabilities, as well as mechanical properties [30].  

The two main groups, in which membranes can be classified, are symmetrical, 

also called isotropic, and asymmetrical, also known as anisotropic. These two groups 

are shown in Figure 2.4.  

 

 

Figure 2.4: Main groups and types of semipermeable membranes [29]. 
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Symmetrical membranes are composed of the same structure throughout. In 

microporous membranes (Figure 2.4a), only particles smaller than the smallest orifice 

cross the membrane as in a filter. Nonporous dense membrane (Figure 2.4b) is a dense 

film, which allows transport of substances by diffusivity and solubility in the membrane 

material due to a driving force.  

Asymmetrical membranes are layered and the structure of the base is different 

from that on the surface. The selective characteristics are established by the surface 

layer, while the substrate works as mechanical resistance support due to large pressure 

differences [28-30]. Loeb-Sourirajan membranes are comprised of a thinner surface layer 

followed by a thicker and loose porous substrate (Figure 2.4c). Thin-film composite 

membranes (Figure 2.4d) present a substrate (support layer) attached to a surface 

(active layer) made of different materials.  

Asymmetrical membranes are more commonly used commercially because they 

bear higher water fluxes compared to symmetrical membranes [29]. The semipermeable 

membrane used here was the thin-film composite type made of a cellulose triacetate 

material, which allows usage in both RO and PRO processes [31]. In the case of RO 

processes, this type of semipermeable membrane can reach salt rejection rates higher 

than 96%. This means that less than 4% of salt particles in salt water passes through 

the semipermeable membrane, which is a common efficiency parameter presented by 

most current commercial thin-film composite cellulose triacetate semipermeable 

membranes. The salt rejection rate depends mainly on the exposure time of the 

membrane to the solution, as well as the concentrations of feed solution and permeate. 

This is an important parameter for measuring the performance of semipermeable 

membranes in RO systems, since it determines the amount of salt removed from the 

inlet salt water. The salt rejection rate is presented in more detail ahead in section 2.7. 

The geometry on which semipermeable membranes are produced is also relevant 

because of their performance characteristics, costs and type of application. The most 

commonly used geometries of semipermeable membranes for osmotic systems are flat 

sheet and hollow fibers [32]. The three main configurations of membrane modules, in 

which these geometries are used, are shown in Figure 2.5.  
 

 

Figure 2.5: Commonly used configurations for semipermeable membranes [33] 
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The plate and frame configuration (Figure 2.5a) is a set of two flat sheet 

semipermeable membranes piled up with their feed sides in front of each other and a 

spacer between them. A number of sets is piled up according to the application. Its 

main drawback is the lower membrane surface per unit volume compared to the other 

configurations [34], between 45 and 150 ft2/ft3 [35].  

The spirally wound configuration (Figure 2.5b) consists in a bag made of two 

large flat sheet semipermeable membranes sealed on three sides and separated by a 

porous support layer that allows the outlet permeate to flow. This assembly is rolled up 

spirally to form a cylindrical membrane module. A central bored tube is placed in the 

middle of the rolled bag to collect the outlet permeate, while the brine solution flows 

through the channel created by the separate netting, or mesh spacer, between the 

rolled-up membrane and porous layer sets. The membrane surface per unit volume of 

the spirally wound configuration is higher than that one in the plate and frame 

configuration [33], ranging from 150 to 380 ft2/ft3 [35]. 

The hollow fiber configuration (Figure 2.5c) presents a construction of capillary 

size tubular semipermeable membranes, called hollow fibers, which are as small as 

human hair in terms of outside diameter [35]. These hollow fibers are cross wound 

around a perforated central tube. The hollow fibers are attached to perforated end 

plates and the whole set is inserted into a vessel. The inlet feed solution enters the 

membrane module through the central tube where it is distributed along its length. 

Then, it flows radially through the small holes of the central tube to occupy the empty 

spaces of the shell while crossing the hollow fibers, leaving the major part of salt 

behind. Finally, the output permeate flows through the hollow fibers out of the module 

to be collected and the brine solution leaves from another outlet [33]. The main 

advantages of hollow fiber membranes are [36-38]:  

 

a) greater membrane surface per unit volume (between 150 and 1500 ft2/ft3 

[35]), which results in higher productivity;  

b) lower cost per unit membrane area due to its large packing density; 

c) it bears higher pressure differentials compared to the spirally wound 

configuration, which increases the possibilities of different operating 

conditions;  

d) possibility to reverse the flux in order to clean and recover the hollow fiber 

membranes;  

e) easier module fabrication and operation. 

 

Due to these outstanding advantages, along with a wider availability of 

technical data found both in literature and in official sources from membrane 

manufacturing companies, as well as capability to be used in both RO and PRO 

systems, the hollow fibers arrangement was chosen as the membrane module 

configuration. 
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2.4 Osmotic processes 
 

Processes driven by osmotic pressure differences are called osmotic processes, in 

which deviations from equal hydraulic and osmotic pressures differences (∆" ≠ ∆Π) 
results in a process towards equilibrium. The osmotic processes studied here are 

depicted in Figure 2.6, which shows freshwater and salt water in a container separated 

by a semipermeable membrane. In this picture, the semipermeable membrane is 

represented by the white crosshatched rectangle and the black arrows in the middle in 

front of it indicate the direction of water flux. There are also pistons on both sides of 

the container in which hydraulic pressures are applied. These osmotic processes are 

described as [5, 32]: 

 

a) RO: Salt water is pressurized against the semipermeable membrane. A larger 

hydraulic pressure difference (∆" ) is used to overcome the osmotic pressure 

difference (∆Π) on both sides, forcing water molecules to pass through the 

semipermeable membrane while it restrains the passage of salt. The output 

permeate is freshwater or lower salinity water (Figure 2.6a); 

b) PRO: Salt water is pressurized to a value below its osmotic pressure on one 

side of the semipermeable membrane. In this process, the hydraulic pressure 

differential (∆" ) on both sides is smaller than the osmotic pressure 

difference (∆Π) of the fluids, allowing water molecules to cross the 

semipermeable membrane from the freshwater to the salt water side. This 

results in an outgoing diluted flow with larger pressure than the inlet flows 

(Figure 2.6b). 

 

 

Figure 2.6: Schematic representation of the osmotic processes considered in this study. 
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2.5 Limiting factors on osmotic processes 
 

The semipermeable membrane is the core component in RO and PRO systems 

and it is unanimous that it plays a key role in these systems performance. In theory, 

RO and PRO processes share similar working principle with respect to fluxes across the 

semipermeable membrane and they also present similar limitations. The main 

constraints in such processes are concentration polarization and membrane fouling, 

which are described as follows.  

 

2.5.1 Concentration polarization 
 

An ideal semipermeable membrane with perfect selectivity would reject all salt 

particles and allow only water molecules to pass through. In addition, if there were 

perfect mixing in the solutions on both sides of this ideal membrane, the concentrations 

on its surfaces would be the same as in the rest of the bulk solutions. However, in real 

semipermeable membranes, a phenomenon called concentration polarization is one of 

the most limiting factors for RO and PRO processes [23]. 

 

2.5.1.1 Concentration polarization in RO 

 

In an ongoing RO process, along with the flow of bulk feed solution within the 

membrane module at concentration (	b,�), there is also a convective flow of salt from 

the bulk feed solution towards the surface of the semipermeable membrane as 

illustrated in Figure 2.7. As the flux of water (��) crosses the semipermeable 

membrane, it carries some small amount of salt (��) with it. The salt left behind makes 

the concentration of salt on the membrane surface (	b,�) in the feed side to increase, 

resulting in a boundary layer (7) with higher salinity than the bulk feed solution in this 

region. This leads to a diffusional back-transport of salt away from the membrane. 

Therefore, there is an accumulation of salt in this boundary layer, as well as on the 

membrane surface. Consequently, the concentration at the membrane surface is greater 

compared to that on the bulk feed solution and, of course, also higher than the 

concentration of permeate arriving (	c ) on the other side of the membrane. This 

phenomenon is known as concentration polarization [13]. 

The accumulation of salt at the membrane surface increases the osmotic 

pressure of the solution within the boundary layer on the feed solution side and 

therefore, the osmotic pressure difference across the membrane. This decreases the 

driving force, and therefore the flow of permeate through the membrane, since the net 

osmotic pressure difference on both sides of the membrane is reduced [13, 35]. The 

relation between the osmotic pressure difference and water flux across the membrane is 

shown ahead in Eq. (2.26). 
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To reduce the effective osmotic pressure difference in front of the membrane and 

consequently, concentration polarization in RO it is necessary to support flow mixing. 

This can be achieved by adjusting the velocity of the inlet flows, applying ultrasound, 

pulsation or electric field techniques, and vibrating or rotating the membrane module. 

[39, 40]. 

 

 

Figure 2.7: Schematic representation of local concentration polarization in RO processes. 

 

The mass balance of salt over the semipermeable membrane for the RO process 

can be written as [41]: 

 

�� = ��	(H) + �� 
	(H)
H  , (2.9) 

 

where ��	(H) is the convective flow of salt, 	(H) is the concentration of salt in the 

convective flow at a position H; �� �d(e)�e  is the diffusional back-transport of salt away 

from the membrane, Ds is the diffusion coefficient of salt, and �d(e)�e  is the gradient in 

concentration along the membrane thickness. Integration of Eq. (2.9) over the 

concentration polarization boundary layer leads to: 

 

	b,� = (	b,� − ����) exp (��7b�� ) + ���� . (2.10) 
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Since the thickness of the boundary layer is difficult to measure, the ratio klmn is 
replaced by the mass transfer coefficient of salt in the feed solution (�). Then, Eq. 

(2.10) is rewritten as: 

 

	b,� = (	b,� − ����) exp (��� ) + ���� , (2.11) 

 

where, � is calculated as: 

 

� = *ℎ ��
���,�e% , (2.12) 

 

where 
���,�e% is the external diameter of the hollow fiber; and *ℎ is the Sherwood 

number, which is an empirical relation that depends on experimental data such as the 

type of process, membrane module characteristics, composition of the solution and flow 

patterns. The equation used here, provided by [42], meets the membrane module 

specifications used in the simulations for the RO process and it is given by:  

 *ℎ = 0.048 $&0.6 *.1/3 , (2.13) 

 

where, Re is the Reynolds number and Sc is the Schmidt number. The Reynolds 

number is defined as: 

 

$& = 
���,�e% 2 ?=   , (2.14) 

 

where ? and = are the density and the dynamic viscosity of higher salinity water, 

respectively; U is the velocity of the concentrated water in the shell, and it is given by: 

 2 = 1: , (2.15) 

 

where : is the void fraction of the module, that means, the volume within the 

membrane module free of hollow fibers; and 1 is the superficial velocity of the higher 

salinity water, which is the velocity as if there were no hollow fibers within the 

membrane module, and it is given by: 

 

1 = 4 ̇
2v# �  , (2.16) 

 

where 4 ̇  is the volume flow rate of fluid at a radial and an axial lengths r and L, 

respectively, within the membrane module.  
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Lastly, the Schmidt number is calculated as: 

 

*. = =? ��  . (2.17) 

 

2.5.1.2 Concentration polarization in PRO 

 

As in RO processes, concentration polarization in PRO processes is also an issue, 

but here it reduces the osmotic pressure difference across the membrane and 

consequently, the possible work output. Figure 2.8 illustrates the concentration 

polarization phenomenon present in PRO processes, where two types of concentration 

polarization occur: internal and external represented by the red and yellow regions, 

respectively. 

 

 

Figure 2.8: Schematic representation of concentration polarization in PRO processes. 

 

The internal concentration polarization can be understood as the salt 

concentration on the interface between the support and active layers (	w). As a result 

of the salinity gradient across the membrane, a salt flux (��) crosses the membrane 

from the draw to the feed solution side. This phenomenon, called reverse salt flux, 

makes part of the salt to be retained between the active and support layers of the 

semipermeable membrane, which increases the salinity in the red colored region. This 

contributes for a smaller driving force pushing water to cross the membrane, since the 

osmotic pressure difference across the membrane is reduced. External concentration 

polarization (yellow regions) occurs differently either within the feed (7b ) and draw 
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(7m) boundary layers on both sides of the membrane. In the feed solution side, salt 

accumulation along the support layer produces a phenomenon named concentrative 

external concentration polarization, which increases the salt concentration of the bulk 

feed solution (	b,�) near the support layer surface (	b,�). While in the draw solution 

side, the water flux across the membrane (��) from the feed to draw solution dilutes 

the amount of salt near the surface of the active layer. Consequently, the concentration 

on the active layer surface (	m,�) is lower than that in the bulk draw solution (	m,�). 
Hence, the presence of concentration polarization reduces the osmotic pressure gradient 

through the membrane, decreasing its efficiency [23, 28, 43]. 

It is possible to minimize external concentration polarization by using enhanced 

mixing and proper velocity for the flows along the membrane surface. To reduce the 

internal concentration polarization, some modifications in membrane parameters are 

necessary, for instance: lower thickness, low salt leakage and less tortuous support 

layers [44]. 

It is important to mention that Figures 2.7 and 2.8 represent an infinitesimal 

segment of a flat semipermeable membrane. For hollow fibers, which are very narrow 

and their curvature is much larger than their diameter, the curvature effects for the 

flow inside of it can be ignored. Also, small segments of hollow fibers can be treated as 

a plane interface [45]. This approach is supported by the related literature [31, 46, 47]. 

Analogously to the RO process, a mass balance of salt over the semipermeable 

membrane for PRO (refer to Figure 2.8) is written as [41]: 

 

−�� = �� 
	(H)
H + ��	(H) . (2.18) 

 

That is, the salt flux is composed of diffusive and convective contributions. The 

negative sign in front of the salt flux is because it is in the opposite direction relative to 

the horizontal axis shown in Figure 2.8. 

Using a similar approach for integration as the one presented in section 2.5.1.1, 

integration of Eq. (2.18) over the boundary layers on the feed and draw sides for the 

PRO process gives: 

 

	b,� = (	b,� + ����) exp (��� ) − ���� , (2.19) 

 

	m,� = (	m,� + ����) exp (− ��� ) − ���� . (2.20) 

 

Here, the mass transfer coefficients (�) at the two membrane interfaces are 

assumed to be equal, since their dependency on concentration are not significant and 

their values do not vary much compared to each other [41, 45, 48].  
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The Sherwood number, which is a parameter within the mass transfer coefficient 

as seen in Eq. (2.12), is obtained experimentally and depends on the nature of the 

process, membrane module, concentration of the solution, etc. For the PRO process it 

is given by [31]: 

 *ℎ = 0.45 $&0.1 *.1/3 . (2.21) 

 

For the internal concentration polarization, some parameters of the support 

layer must be considered. Integration of Eq. (2.18) over the thickness of the support 

layer provides: 

 

	w = (	b,� + ����) exp (�� A  /@ ��) − ���� , (2.22) 

 

where A , t and @ are the tortuosity, thickness and porosity of the support layer, 

respectively. The term y %z mn is also written as: 

 A /@ �� = *�� , (2.23) 

 

where S is the structure factor of the support layer of the semipermeable membrane. 

Finally, the term {mn  is replaced by another coefficient of mass transfer (K), which 

measures the resistance of transport of salt in the porous support layer. Combining 

Eqs. (2.22) and (2.23), it leads to: 

 

	w = (	b,� + ����) exp(�� �) − ���� . (2.24) 

 

2.5.2 Membrane fouling 
 

Another challenging issue that figures as drawback during the operation of RO 

and PRO systems is membrane fouling, since it affects the operation and maintenance 

costs of such systems. Membrane fouling occurs due to deposition of materials inside 

the semipermeable membrane pores or on its surface and it can be grouped in four 

categories [49]:  

 

a) Organic fouling is due to natural organic materials present in fresh or salt 

water (e.g., polysaccharides, proteins, lipides, cell components, etc.); 

b) Inorganic fouling is caused by scaling formation in the membrane module 

(i.e., crystalized salts, oxides, hydroxides, other minerals, etc.); 
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c) Colloidal fouling is due to accumulation of colloids, which adhere the 

membrane surface and it is linked to the shape, charge and interaction 

with ions of these colloids (e.g., silt, clay, etc.); 

d) Biofouling occurs because of biofilm formation on the membrane surface, 

which is formed by grown microorganisms. 

 

Not only membrane fouling reduces the overall system performance by 

decreasing the water flux across the membrane and raising the operating pressure 

required for the process, but it also reduces the membrane lifespan, since it would have 

to go through chemical cleaning more often. A number of studies have been carried out 

over the years to better comprehend and mitigate membrane fouling [50-53]. However, 

it is still one of the most obstacles to be tackled in RO and PRO plants [49]. That is 

why performing pre-treatment of the feed solutions before inputting them into the 

systems is so important, since it allows to avoid membrane fouling. Unfortunately, pre-

treatment processes might be costly, making the implementation and/or opseration of 

RO or PRO systems economically unfeasible in some cases. 

 

2.6 Transport models 
 

The main characteristic of semipermeable membranes is their capability of 

blocking passage of certain particles while allowing others to pass easily [54]. Transport 

models are crucial methods to explain the transport of particles through semipermeable 

membranes [13]. Among the different transport models available for describing the 

mechanism of permeation through membranes, the base model selected for this work 

was the solution-diffusion model. This model was proposed in the 1960’s and over the 

years it became the most accepted and extensively model used for RO and PRO 

applications due to better expressing the non-porous behavior of the semipermeable 

membranes used in actual applications, which presented diffusion as their major 

transport mechanism [13, 54]. Figure 2.9 presents a schematic of the solution-diffusion 

transport model. 

 

 

Figure 2.9: Solution-diffusion model used to describe permeation across a semipermeable membrane [54]. 
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In the solution-diffusion model, molecules are separated because of the 

differences in their solubilities and diffusivities through the semipermeable membrane. 

It considers that molecules dissolve and diffuse through the membrane material driven 

by a concentration difference [55]. In this sense, the flux of component D through the 

semipermeable membrane is proportional to the reduction in chemical potential across 

the membrane as: 

 

�R = −;R 
<R
H  , (2.25) 

 

where �R is the flux of component D through the membrane; ;R is the transport 

coefficient of proportionality that relates the chemical potential to the flux of 

component, which is not necessarily constant; and the term 
�|}�e  represents the gradient 

in chemical potential of component D along the membrane thickness. Note that Eq. 

(2.25) presents the same form as the first Fick’s law [45, 56, 57].  

By combining Eqs. (2.2) and (2.25) along with the appropriate boundary 

conditions, the equations for water and salt fluxes across an idealized semipermeable 

membrane for the RO process could be developed [55, 58]. The water flux is given by: 

 �� = �(8" − 8Π) , (2.26) 

 

where �� is the flux of water through the membrane; A is the water permeability 

coefficient of the membrane; 8"  and 8Π are the hydraulic and osmotic pressure 

differences across the membrane, respectively. Observe that the water flux across the 

membrane decreases as the osmotic pressure difference increases due to the 

concentration polarization phenomenon as explained earlier in section 2.5.1.1. 

The salt flux is expressed as: 

 �� = �(	�,� − 	c ) , (2.27) 

 

where �� is the flux of salt through the membrane; B is the salt permeability coefficient 

of the membrane; 	�,� is the concentration of salt in the bulk solution at the 

membrane interface; and 	c  is the concentration of permeate. Note that while the 

water flux across a semipermeable membrane is driven by hydraulic and osmotic 

pressure differences, the salt flux occurs due to the salt concentration gradient through 

the membrane. This difference is because of the nature of the substance. Water 

molecules in a fluid require pressure difference to be displaced. On the other hand, in 

salt flux the chemical potential difference due to the applied pressures are negligible in 

comparison with the chemical potential difference due to a concentration gradient [48]. 
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The solution-diffusion model [48] was historically relevant in terms of describing 

the transport of mass through a semipermeable membrane in RO processes, however it 

did not account for some crucial factors, which are known these days, due to 

technological constraints and lack of specialized literature and data from that time. 

Because of these limitations, a more precise approach derived from the solution-

diffusion model was chosen to be used for the RO process. This is the friction-

concentration polarization model [59]. This widespread method was verified to better 

predict the actual performance of membrane modules for RO applications, since it 

considers the effect of concentration polarization on water and salt fluxes, as well as it 

uses mass transfer coefficients obtained from experimental data. 

Therefore, the water flux is rewritten as: 

 �� = �(8" − B8Π) , (2.28) 

 

where B is the concentration polarization coefficient, which accounts for the 

concentration polarization effect on water and salt fluxes in the RO, and it is given by: 

 

B = 	b,� − 	c	b,� − 	c = exp (��� )  , (2.29) 

 

where �� is the total flux of permeate (i.e., water and salt) across the semipermeable 

membrane: 

 

�� = �� + (�� ?��)?   . (2.30) 

 

where ?�� is the density of pure water; and ? is the mass density of the mixture. Note 

that �� is the mass flux of salt, but �� is the volume flow of water. 

Similarly, the flux of salt across the semipermeable membrane considering the 

influence of concentration polarization is adjusted to 

 �� = �B(	b,� − 	c ) . (2.31) 

 

On the other hand, since the PRO technology is still not mature enough and 

requires more research and development, this work was restricted to a simpler analysis 

of the PRO process. The focus here is on RO processes because it is already a 

consolidated technology and widely used in commercial desalination plants around the 

world as mentioned previously in section 1.2. 

The solution-diffusion model was selected as the transport model to express the 

mass transport through the semipermeable membrane in the PRO process. In order to 

use Eq. (2.26) to describe the flux of water for PRO processes, a small adjustment 
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needs to be made to maintain the water flux positive. Since the osmotic pressure 

difference (8Π) is larger than the hydraulic pressure difference (8") for such systems, 

these terms are exchanged. The fluxes of water and salt through an idealized 

membrane for the PRO process according to the solution-diffusion model are 

respectively defined as: 

 �� = �(8Π − 8") , (2.32) 

and �� = �(	m,� − 	w) . (2.33) 

 

2.7 Performance indicators 
 

The efficiency of membrane modules working in RO and PRO processes are 

measured using input and output parameters as flow rates and concentrations. Two 

important indicators for the membrane module performance in the RO process are the 

salt rejection rate (ℝ �(��), which measures the amount of salt removed from the inlet 

feed solution, and the recovery ratio (ℝ ����), which is the ratio between the flow rates 

of permeate produced and feed solution entering the membrane module. These two 

performance indicators are given as percentages respectively, 

 

ℝ �(�� = (1 − 	c	b,�) ⋅ 100% , (2.34) 

and 

ℝ ���� = ( �̇c�̇b,�) ⋅ 100% , (2.35) 

 

here �̇c  is the mass flow rate of permeate produced; and �̇b,� is the mass flow rate of 

feed solution supplied to the membrane module. 

The salt rejection rate (ℝ �(��) is commonly used in industry to measure the 

performance of membrane modules in RO systems, since it describes the ability of the 

membrane to separate salt from salt water [54], which is directly linked to the 

membrane module lifespan. The recovery ratio (ℝ ����) is also a useful performance 

indicator because it measures the amount of permeate produced relative to the inlet 

feed solution. For both indicators, it is better to have higher values because it means 

that the quality and amount of permeate produced are favorable. Unfortunately, it is 

not possible to reach 100% on them due to imperfections in the semipermeable 

membrane material and losses during the process. 
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For membrane modules working in PRO systems, an important indicator of 

efficiency is their power density (5̇c��). This stands for the osmotic energy output per 

unit membrane area given by: 

 5̇c�� = �� ∆" = �(∆Π − ∆P)∆P , (2.36) 

 

2.8 Pressure drop equations 
 

The passage of the solutions through the membrane module generates hydraulic 

losses due to friction between the fluid with the materials of the semipermeable 

membrane and the internal walls of the module. Different measures related to the 

hollow fibers are used to express the pressure drops within the fibers and the 

membrane module shell. These measures are shown in Figure 2.10. 

 

Figure 2.10: Detailed view of a single hollow fiber of a membrane module. 

 

The pressure drop along the length of hollow fibers is expressed in its differential 

form by the Hagen-Poiseuille equation as: 

 �"����� = − 128 = 4 ̇
v 
���,�,%4 , (2.37) 

 

where ����� and 
���,�,% are an infinitesimal axial length and the internal diameter of 

the hollow fiber, respectively. 

The pressure drop for fluids flowing through the shell of the membrane module 

is described by the Ergun equation in its differential form as [60]: 

 �"���ℎ = 150 (1 − :)2 = 1:3 (1.5 
���,�e%)2 + 1.75 (1 − :) ? 12
:3 (1.5 
���,�e%)  , (2.38) 

 

here ���ℎ is an infinitesimal radial length in the shell of the membrane module. The 

first term on the right-hand side in Eq. (2.38) accounts for the viscous energy losses, 

while the second term represents the kinetic energy losses. Note that terms as 

superficial velocity (1), void fraction (:), dynamic viscosity (=), external diameter of 

the hollow fiber (
���,�e%), etc. were introduced previously in section 2.5.1.1. 
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2.9 Internal losses in the membrane module 
 

In actual RO and PRO systems, entropy is generated within the membrane 

module due to friction between the solutions and the walls of the hollow fibers and 

shell, so called friction losses. There are also losses related to the flux of water across 

the membrane caused by concentration polarization, which increases the local osmotic 

pressure of the mixture [23, 36]. As a result, the work requirement to run these 

processes is larger and more amount of work is necessary to overcome these losses. 

There are further losses due to pressure drops and entropy generation within pipes, 

pumps, turbines, and other equipment in these systems [16], however these are out of 

the scope of this study.  

Figure 2.11 illustrates the diagram used to account for the losses within the 

membrane module alone for the RO process. Consider the membrane module alone as 

an open system. It has an incoming flow of salt water (�̇��,�,) at a pressure ("��,�,) 
and temperature (0 ), and outgoing flows of concentrated brine (�̇� ,��%) at a pressure 

("� ,��%) and temperature (0 ) and fresh or less concentrated water (�̇��,��%) at 

environmental pressure and temperature ("0, 00). 
 

 

Figure 2.11: Diagram for accounting losses in the membrane module for the RO process. 

 

For the purpose of simplicity, consider that the membrane module alone shown 

in Figure 2.11 undergoes an isothermal process at steady state with negligible changes 

in specific kinetic and potential energies. Also, the total entropy generation due to heat 

transfer over the system boundary occurs at environmental temperature (00). The total 

internal losses within the membrane module alone for the RO process reads: 

         00*+̇�, = ∑ �̇�,(ℎ�, − 00)�,)
�,

− ∑�̇��%(ℎ��% − 00)��%)��%
= 5̇���� , (2.39) 

 

here *+̇�, is the entropy generation rate caused by irreversibilities within the membrane 

module; �̇�, and �̇��% are the mass flow rates entering and leaving the membrane 

module alone; ℎ�, and ℎ��%  are the specific enthalpies of the flow entering and leaving 
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the membrane module; and )�, and )��% are the specific entropies associated with the 

mass flows entering and leaving the membrane module. Eq. (2.39) shows that the total 

internal losses within the membrane module alone (00*+̇�,) is given by the difference in 

enthalpies and entropies between the incoming and outgoing flows. The total internal 

losses within the membrane module alone are also written as power losses (5̇����). 
The extra cost work for the RO process, which measures the extra work input 

per litter of permeate produced to be provided to this open system to overcome the 

total internal losses, is given by: 

 

        5̇�d = 5̇����4ċ
 , (2.40) 

 

where 5̇�d  is the extra cost work for the RO process; and 4ċ  is the volume flow rate 

of permeate produced. 

Similarly for the PRO system, Figure 2.12 exhibits the diagram used for 

calculating the losses within the membrane module alone for the PRO process. The 

membrane module alone shown in Figure 2.12 has two inlet flows at a same 

temperature (0 ). The first is salt water (�̇��,�,) at a pressure ("��,�,) and the other is 

freshwater (�̇��,�,) at a pressure ("��,�,). There are also two outgoing flows. One is 

the diluted salt water (�̇��,��%) at a pressure ("��,��%), while the other is the remaining 

freshwater that did not cross the hollow fibers (�̇��,��%) at an environmental pressure ("0). The two outlets leave the membrane module at the same temperature (0 = 00). 
 

 

Figure 2.12: Diagram for accounting losses in the membrane module for the PRO process. 

 

Using analogous simplification as done for the membrane module in RO, the 

membrane module alone displayed in Figure 2.12 for PRO also undergoes an isothermal 

process at steady state. The total entropy generation due to heat transfer over the 

system boundary occurs at environmental temperature (00) and changes in specific 

kinetic and potential energies are also negligible. The total internal losses (5̇����) 
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within the membrane module alone for the PRO process is expressed by the difference 

in enthalpies and entropies between the inlet and outlet flows as given in Eq. (2.39). 

After presenting the key concepts to understand how RO and PRO processes 

operate, this work aims to visually characterize the efficiency of membrane modules 

using performance parameters in order to comprehend on which conditions this 

component performs in the most effective way for its purposed application as 

mentioned in section 1.4. This study is intended to guide researchers and professionals 

to select more accurately the appropriate membrane modules according to their needs 

for on-site application. This way, their RO and PRO plants will be respectively able to 

produce quality freshwater and generate energy more efficiently from the energy and 

economic perspectives. 
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3. Mathemat ical model ling  

 

 

Chapter 3 

Mathematical modelling 

 
This chapter presents the steps used for developing this study. These steps 

comprise the procedure for segmenting the membrane module, as well as the way in 

which the governing equations presented in chapter 2 were applied for describing the 

mass balances, flow rates and pressure drops within the membrane module for the RO 

and PRO processes. The technical information of the selected membrane module is also 

provided, as well as the procedure for verifying the accuracy of the proposed models. 

Finally, the computational resources used here are presented. 

 

3.1 Segmentation 
 

The segmentation method for the hollow fibers membrane module configuration 

considered a radially symmetric module for both RO and PRO processes. The 

directions of the flows for each process are indicated in Figure 3.1 and are described in 

the following paragraphs. Note that for the RO process, saltwater (feed solution) flows 

in the shell side of the membrane module, while freshwater (permeate) flows within the 

hollow fibers. For the PRO process, freshwater (feed solution) also flows inside the 

hollow fibers and saltwater (draw solution) is the one flowing in the shell side. That is, 

in any case freshwater flows within the hollow fibers and saltwater flows outside. In 

order to prevent any misunderstanding in terms of location, some variables in the 

equations for modeling both processes use the subscripts )ℎ and J�G to indicate shell 

and fibers sides, respectively. 

 

 

Figure 3.1: Directions of the flows in the hollow fibers membrane module for RO and PRO processes. 
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In the RO process, the flow rate of salt water (�̇�ℎ,�,) enters the membrane 

module through the perforated central pipe, escapes through the holes and flows 

radially only within the module towards the outer radius to be collected at the outlet 

tube (�̇�ℎ,��%). Meanwhile, a major part of water and some small portion of salt cross 

the hollow fibers membranes. Within the hollow fibers, the permeate is considered to 

flow only axially towards the length of the membrane module (�̇���,��%) and collected 

at the outlet. For the hollow fibers configuration, the curvature effects on the flow 

inside the hollow fibers were neglected in both RO and PRO processes, since the 

curvature of the fibers are considerably larger than their capillary diameter. 

In the PRO process, the flow rate of salt water (�̇�ℎ,�,), which enters the 

membrane module via the perforated central pipe and flows only radially within the 

module as in the RO process. However, due to the difference in salinity, the flow rate 

of freshwater, which enters the module through the hollow fibers inlet (�̇���,�,) and 

flows only axially, crosses the hollow fibers in order to equilibrate the salt 

concentration of salt water in the shell. This makes the pressure of the fluid within the 

shell of the membrane module to increase. These two mixed streams flow only radially 

to be collected at the module outlet tube (�̇�ℎ,��%) at a higher pressure than their 

respective inlet pressures to produce power, while the remaining freshwater that did 

not cross the hollow fibers (�̇���,��%) continues to flow only axially towards the end of 

the module length. 

As a result of these flows patterns, a two-dimensional model for the hollow fibers 

membrane module based on previous research [47] was considered as a reference for this 

study, since it presents good accuracy and acceptable computational costs. The 

membrane module for both RO and PRO processes was segmented into a number of 

axial (�!) and radial (� ) ring-shaped cells (i.e. a �! = 10 x � = 10 grid). This choice 

presented a suitable balance between computational costs and accuracy during the 

simulations. The axial length of the cells is given by: 

 

89 = �����!  , (3.1) 

 

here 89 is the axial length of each cell; ���� is the active length of the membrane 

module shown in Figure 3.1, which is the length of the membrane module that allows 

the contact of the hollow fibers with the feed solution in the shell; and �! is the 

number of axial segments. 

The radial length of the cells is expressed as: 

 

8# = $��� − $�%�  , (3.2) 
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where 8# is the radial length of each cell; $��� is the membrane module active radius 

and $�% is the radius of the perforated central tube, both displayed in Figure 3.1; and �  is the number of radial segments. A partial interior view of the membrane module 

showing the main dimensions of a single cell is provided in Figure 3.2. In this figure, # 
is the inner radius of a given cell. Note that the cells present larger volume towards the 

outer radius of the membrane module, since the radial coordinate (#) increases and the 

radial length (8#) of each cell is constant. 

 

 

Figure 3.2: Sample of cells within the membrane module and related dimensions. 

 

The orientation for the flows in the cells was considered to be in the axial and 

radial directions only. That is, the model was two-dimensional. An illustration of the 

segmentation method used is shown in Figure 3.3. An external view of the membrane 

module is displayed in Figure 3.3a. A detailed view of the interior of the membrane 

module with the hollow fibers can be seen in Figure 3.3b. A more convenient and closer 

view of a section within the membrane module shows the cells used in this 

segmentation method (Figure 3.3c). Figure 3.3d presents a section view of some sample 

cells with the variables calculated here. The location where each variable was computed 

in the cells is given by the superscripts � and P, which represents their row and column 

indexes, respectively. �̇�,�ℎ and �̇�,�ℎ are the mass flow rates of water and salt in the 

shell, whereas �̇�,��� and �̇�,��� are the mass flow rates of water and salt in the fibers. 

These variables are calculated at the edges of the cells since they are inputs for 

computing other variables. The pressure boundary conditions "���,�, , "���,��%, "�ℎ,�, 

and "�ℎ,��%, which are the prescribed pressures for the inlet and outlet streams in the 

fibers and for the incoming and outgoing flows in the shell, respectively, are given at 

the border of the most inner and outer cells. At the center of the cells, �� and �� 
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represent the fluxes of water and salt, 	� is the concentration at the membrane; and "��� and "�ℎ are the pressures in the fibers and in the shell at a given cell. 

 

 

Figure 3.3: Illustration of the method used for segmentizing the hollow fiber membrane module. 

 

The volume of each cell is related to its radial coordinate. Considering that the 

total membrane area is equally distributed through volume, the active membrane area 

per unit of volume is described by: 

 

��,��� = ��v($���2 − $�%2 )���� , (3.3) 

 

where ��,��� is the active membrane area per unit of volume; and �� is the total 

active membrane area within the module, which is given by the membrane module 

manufacturer. 

The number of fibers in each cell is given by: 

 

����,���� = ���� (# + 8#)2 − #2
 ($���2 − $�%2 ) = ��,��� 
���,�e% (# + 8#)2 − #2  , (3.4) 

 

where ����,���� is the number of fibers per cell; ���� is the number of fibers within the 

membrane module, which is also provided by the membrane module manufacturer; and # is the inner radius of a given cell. 
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3.2 Model development 
 

The physical behavior of the fluids within the membrane module was modeled 

by employing the equations presented in chapter 2. This section exhibits the main 

considerations for developing the models and demonstrates how those equations were 

applied for each cell within the membrane module. 

 

3.2.1 Main assumptions 
 

In order to reach feasible computational costs during the simulations, some 

assumptions were established to decrease the complexity of the models. These 

considerations are described below as:  

 

a) In actual membrane modules, the hollow fibers present different lengths 

depending on their radial position within the shell because they are 

assembled in a cross-wound arrangement around the central tube. 

However, this study considered an average length for all hollow fibers 

based on geometric characteristics (internal and external diameters of the 

fibers, void fraction and length of the membrane module) of commercially 

used membrane modules [61-63]; 

b) Both RO and PRO models were considered to operate in steady state 

condition, since it is usually reached quickly in such processes [64]; 

c) As the focus of this study is on what occurs within the membrane 

modules in RO and PRO processes, the pressure losses inside the inlet 

and outlet pipes of the membrane module were neglected; 

d) The values for pressures were considered to be an average value 

everywhere inside a cell either within the fibers or on the shell side; 

e)  Some membrane parameters which might vary locally inside a membrane 

module depending on concentration and/or pressure (i.e. A, B, S and ��), were assumed to be an average value for the whole membrane 

module [65, 66]. 

 

3.2.2 Mass balances 
 

Mass balances were applied to describe the amount of water and salt within the 

hollow fibers and in the shell for each cell for the RO and PRO processes. In the 

following equations, the notation �  was used for fluxes and refers to transfer across the 

hollow fiber membranes and �̇ was used for flows within one stream. Both symbols 

were used for salt and water. Also, the axial (fibers) and radial (shell) directions of 

flows in a single cell are shown in different pictures for a better understanding. 
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3.2.2.1 RO mass balances 

 

Figure 3.4 illustrates the mass balances and fluxes with their respective 

directions over a single cell for the RO process. In this figure, the mass flow rate inlets 

are represented by green arrows, the mass flow rates outlets are depicted as red arrows, 

and the fluxes of water and salt are shown as purple and gray arrows, respectively. In 

the RO process, water and salt fluxes have the same direction because both are leaving 

the shell to cross the hollow fibers and there is no incoming freshwater entering the 

membrane module. 

 

 

Figure 3.4: Mass balances of water and salt over a single cell for the RO process. 

 

The mass balances of water and salt inside the hollow fibers in the axial 

direction are the sum of the inlet mass flow rates coming from previous cells and the 

water and salt fluxes that crossed the hollow fibers as depicted in Figure 3.4a. In these 

cells, the mass balances of water and salt are given respectively as: 

 �̇�,����,(+1 = �̇�,����,( + ?�� ���,( ��,��� 4�����,(   , (3.5) 

and �̇�,����,(+1 = �̇�,����,( + ���,( ��,��� 4�����,(   , (3.6) 

 

where 4�����,(  is the volume of the cell (v [(# + 8#)2 − #2] 89). 
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The mass balances of water and salt on the shell side in the radial direction 

exiting the cells is the difference between the inlet mass flow rates and the fluxes of 

water and salt that left the shell side to cross the hollow fibers as shown in Figure 3.4b. 

The mass balances of water and salt in the shell are described respectively as: 

 �̇�,�ℎ�+1,( = �̇�,�ℎ�,( − ?�� ���,( ��,��� 4�����,(   , (3.7) 

and �̇�,�ℎ�+1,( = �̇�,�ℎ�,( − ���,( ��,��� 4�����,(   . (3.8) 

 

3.2.2.2 PRO mass balances 

 

For the PRO process, the mass balances are similar to those used for the RO 

system with slight differences. First, there is incoming freshwater entering the 

membrane module, which flows within the hollow fibers in the first radial cells. Second, 

due to the flow of freshwater from the fibers to the shell side, the directions of water 

and salt fluxes are swapped in the mass balance equations. Figure 3.5 exhibits the mass 

balances and fluxes with their respective directions over a single cell for the PRO 

process. The mass flow rate inlets are shown by green arrows, the mass flow rates 

outlets are represented as red arrows, and the fluxes of water and salt are depicted as 

purple and gray arrows, respectively. Note that in PRO, water and salt fluxes present 

opposite directions in the cells due to the characteristic of this process. That is, water 

molecules are drawn from within the fibers towards the shell side and some salt crosses 

the fibers coming from the shell. 

 

 

Figure 3.5: Mass balances of water and salt over a single cell for the PRO process. 
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Within the hollow fibers in the axial direction, the mass flow rate of water 

leaving the cell is given by the difference between the incoming mass flow rate of water 

and the flux of water that crossed the hollow fibers towards the shell side. On the other 

hand, the mass flow rate of salt leaving the cell is equals to the incoming mass flow 

rate of salt plus the flux of salt that crossed the hollow fibers coming from the shell 

side. The mass balances of water and salt for the hollow fibers inside the cell shown in 

Figure 3.5a are given respectively as: 

 �̇�,����,(+1 = �̇�,����,( − ?�� ���,( ��,��� 4�����,(   , (3.9) 

and �̇�,����,(+1 = �̇�,����,( + ���,( ��,��� 4�����,(   . (3.10) 

 

On the shell side in the radial direction, the mass flow rate of water leaving the 

cell is described as the sum of the mass flow rate of water coming from the previous 

cell and the flux of water received from the hollow fibers. Whereas the mass flow rate 

of salt leaving the cell is the difference between inlet mass flow rate of salt from other 

cell and the flux of salt that crossed the hollow fibers. The mass balances of water and 

salt for the cell on the shell side displayed in Figure 3.5b are given respectively as: 

 �̇�,�ℎ�+1,( = �̇�,�ℎ�,( + ?�� ���,( ��,��� 4�����,(   , (3.11) 

and �̇�,�ℎ�+1,( = �̇�,�ℎ�,( − ���,( ��,��� 4�����,(  . (3.12) 

 

3.2.3 Flow rates 

 

As mentioned earlier in section 3.2.1, in this model some variables as volume 

flow rates, pressures, fluxes and mass concentrations of bulk solutions were calculated 

as averages for each cell. This was because the model was set up to use the mass flow 

rates computed at the edge of the cells and prescribed inlet hydraulic pressures as 

inputs to be able to find results for such quantities. The volume flow rates of the 

solutions within the hollow fibers and on the shell side for the membrane module 

working on both RO and PRO systems are: 

 

4�̇���,( = (�̇�,����,( + �̇�,����,( ) + (�̇�,����,(+1 + �̇�,����,(+1)
2 ?�,(   (3.13) 

and 

4�̇ℎ�,( = (�̇�,�ℎ�,( + �̇�,�ℎ�,( ) + (�̇�,�ℎ�+1,( + �̇�,�ℎ�+1,()
2 ?�,(  , (3.14) 
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where 4�̇���,( and 4�̇ℎ�,( are respectively the volume flow rates within the hollow fibers and 

on the shell side at a given cell; ?�,( is the density of the solution at a given cell as a 

function of its temperature, salinity and pressure, which was obtained using MATLAB 

functions from experimental research [25]. Other properties of the solutions such as 

enthalpies and entropies were also acquired from the same source. 

 

3.2.4 Concentrations 
 

The mass concentrations of the solutions within the hollow fibers and on the 

shell side are determined as averages of incoming and outgoing mass concentrations. 

They are expressed respectively as: 

 

	����,( = 12( �̇�,����,(
�̇�,����,( + �̇�,����,( + �̇�,����,(+1

�̇�,����,(+1 + �̇�,����,(+1) , (3.15) 

and 

	�ℎ�,( = 12 ( �̇�,�ℎ�,(
�̇�,�ℎ�,( + �̇�,�ℎ�,( + �̇�,�ℎ�+1,(

�̇�,�ℎ�+1,( + �̇�,�ℎ�+1,() . (3.16) 

 

In Eqs. (3.15) and (3.16), the first terms in parenthesis describe the mass 

concentrations of salt entering a cell, while the second terms express the mass 

concentrations leaving that cell. 

For both osmotic processes, the mass concentrations of the solutions within the 

fibers and on the shell side for a given cell are related to their salinities as: 

 

)�-����,( = 	����,(
?�,(  , (3.17) 

and 

)�-�ℎ�,( = 	�ℎ�,(?�,(  . (3.18) 

 

here )�-����,(  and )�-�ℎ�,( are the salinities of the solutions within the hollow fibers and on 

the shell side at a given cell, respectively. 

 

3.2.5 Membrane transport 
 

This section describes the membrane transport equations used for modeling the 

fluxes within the membrane module of the RO and PRO processes, which are 

segmented versions of equations presented previously in section 2.6. Note that 

depending on the process, the direction of water and salt fluxes may vary.  
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3.2.5.1 RO transport equations 

 

For the RO process, both water and salt fluxes are in the same direction. The 

transport of water through the membrane is written as a segmented version of Eq. 

(2.28): 

 ���,( = �(8" �,( − B�,(8Π�,() = �("�ℎ�,( − "����,() − �B�,((Π�ℎ,��,( − Π����,( )  , (3.19) 

 

where the concentration polarization coefficient for a given cell (B�,() is segmented as a 

form of Eq. (2.29): 

 

B�,( = 	�ℎ,��,( − 	����,(
	�ℎ�,( − 	����,( = exp (���,(��,()  , (3.20) 

 

where the flux of permeate across the membrane at a given cell (���,() is given by its 

segmented form as a version of Eq. (2.30): 

 

���,( = ���,( + (���,( ?��)?�,(   , (3.21) 

 

while the mass transfer coefficient of salt through the membrane at a given cell (��,() is 
written as a segmented form of Eq. (2.12): 

 

��,( = *ℎ�,( ��
���,�e%   , (3.22) 

 

and the Sherwood number at a given cell is calculated as a segmented version of Eq. 

(2.13): 

 *ℎ�,( = 0.048 ($&�,()0.6 (*.�,()1/3 , (3.23) 

 

where the Schmidt (*.�,() and Reynolds ($&�,() numbers at a given cell are expressed 

respectively as segmented forms of Eqs. (2.17) and (2.14) by: 

 

*.�,( = =�ℎ�,((0 , 	)?�,( ��  , (3.24) 

and 

$&�,( = 
���,�e% 2�ℎ�,( ?�,(
=�ℎ�,((0 , 	)  , (3.25) 
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where =�ℎ�,((0 , 	) is the dynamic viscosity of the solution, which is an empirical relation 

given as a function of its temperature and concentration obtained using MATLAB 

functions from experimental research [25]. The segmented form of the velocity of the 

solution in the shell is described as a segmented version of Eq. (2.15): 

 2�ℎ�,( = 1�ℎ�,( : , (3.26) 

 

where, the superficial velocity of the solution on the shell side at a cell (1�ℎ�,() is given by 

a segmented form of Eq. (2.16) as: 

 

1�ℎ�,( = 4�̇ℎ�,(2v8#89  . (3.27) 

 

The transport of salt across the membrane is defined as a segmented version of 

Eq. (2.31): 

 ���,( = �B�,((	�ℎ,��,( − 	����,( ) , (3.28) 

 

where the concentration of the permeate solution within the hollow fibers reads: 

 

	����,( = ���,((���,( + ���,( ?��) . (3.29) 

 
Finally, the concentration at the membrane on the shell side for a given cell can 

be written as a segmented form of Eq. (2.11): 

 

	�ℎ,��,( = (	�ℎ�,( − ���,(���,(
)exp (���,(��,() + ���,(���,(

 . (3.30) 

 

3.2.5.2 PRO transport equations 

 

For the PRO process, the fluxes of water and salt across the membrane present 

opposite directions. These fluxes are expressed as segmented versions of Eqs. (2.32) and 

(2.33) respectively by: 

 ���,( = �(8Π�,( − 8" �,() = �[(Π�ℎ,��,( − Π���,��,( ) − ("�ℎ�,( − "����,()]  , (3.31) 

and ���,( = �(	�ℎ,��,( − 	���,��,( )  . (3.32) 

 

The external concentration polarization on the feed and draw sides of the 

membrane are expressed as segmented forms of Eqs. (2.19) and (2.20) respectively as: 
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	���,��,( = (	����,( + ���,(���,(
)exp (���,(��,() − ���,(���,(

 , (3.33) 

and 

	�ℎ,��,( = (	�ℎ�,( + ���,(���,(
) exp (−���,(��,() − ���,(���,(

 . (3.34) 

 

The internal concentration polarization in a segmented form of Eq. (2.22) reads: 

 

	w�,( = (	���,��,( + ���,(���,(
)exp(���,( ��,() − ���,(���,(

 . (3.35) 

 

3.2.6 Pressure drops 
 

The pressure difference between the membrane module inlet and outlet is a key 

factor for the operation of the processes, since it determines the amount of flow rates of 

each fluid entering and leaving the membrane module. Another important parameter is 

the pressure drop within the membrane module because it describes the behavior of the 

pressure of the fluids inside the hollow fibers and on the shell side.  

Since the pressure drop Eqs. (2.37) and (2.38) are given in their differential 

forms, Taylor series was applied to expand them and create finite difference 

approximations to meet the segmentation method used in this work for both RO and 

PRO processes. Higher order terms after second order were neglected as their effect on 

the final pressure values were negligible. To find the pressure drops for the first cells in 

the axial and radial directions, the forward difference approximation method was used. 

The pressure drop within the hollow fibers for the first axial cells reads: 

 

9"����,( = 8"���,�, + "����,(+1 − 384 =����,(  
���,�e% 4�̇���,( ����,��+v 
���,�,%4 ��,��� [(# + 8#)2 − #2] ����
. (3.36) 

 

It is important to mention that the length of the hollow fibers has no significant 

influence on the global pressure drop through the membrane module when it is divided 

in small segments [61]. Therefore, an average length for the hollow fibers (����,��+) was 

used for the pressure drop within fibers in each cell.  

The pressure drop on the shell side in the first radial cells is given by:  

 

9"�ℎ�,( = 8"�ℎ,�, + "�ℎ�+1,( − [150 (1 − :)2 =�ℎ�,( 1�ℎ�,(
:3 (1.5 
J�G,&H/)2 + 1.75 (1 − :) ?�ℎ�,( (1�ℎ�,()2

:3 (1.5 
J�G,&H/) ]38# . (3.37) 

 

The central difference approximation method was applied to find the pressure 

drops for the intermediate cells in the axial and radial directions. The pressure drop 

within the hollow fibers for the intermediate axial cells in the hollow fibers reads: 
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"����,(+1 = "����,( − 384 =����,(  
���,�e% 4�̇���,( ����,��+v 
���,�,%4 ��,��� [(# + 8#)2 − #2] ����
 (3.38) 

 

The pressure drop on the shell side in the intermediate radial cells is given by: 

 

"�ℎ�+1,( = "�ℎ�,( − [150 (1 − :)2 =�ℎ�,( 1�ℎ�,(
:3 (1.5 
���,�e%)2 + 1.75 (1 − :) ?�ℎ�,( (1�ℎ�,()2

:3 (1.5 
���,�e%) ]8# . (3.39) 

 

To find the pressure drops for the last cells in the axial and radial directions, the 

backward difference approximation method was used. The pressure drop within the 

hollow fibers for the last axial cells reads: 

 

9"����,( = 8"J�G,M1/ + "����,(−1 + 384 =����,(  
���,�e% 4�̇���,( ����,��+v 
���,�,%4 ��,��� [(# + 8#)2 − #2] ����
. (3.40) 

 

While the pressure drop on the shell side in the last radial cells is given by:  

 

9"�ℎ�,( = 8")ℎ,M1/ + "�ℎ�−1,( + [150 (1 − :)2 =�ℎ�,( 1�ℎ�,(
:3 (1.5 
J�G,&H/)2 + 1.75 (1 − :) ?�ℎ�,( (1�ℎ�,()2

:3 (1.5 
J�G,&H/) ]38#. (3.41) 

 

3.3 Membrane module parameters 
 

A 5-inch scale Toyobo HP5255SI-H3K hollow fibers membrane module [67] was 

selected as reference (see Appendix A). Unfortunately, its specification sheet does not 

explicitly provide all dimensions, then some quantities such as ���� , $��� and $�% 
were estimated based on its schematic. Further membrane parameters were acquired 

from membrane modules with similar characteristics from literature. Table 3.1 presents 

the main membrane parameters with their references. 

 

Parameter Symbol Value Unit Reference 

Water permeability � 7.5 x 10-13 m/s-Pa [31, 46] 

Salt permeability � 9.72 x 10-9 m/s [31, 46] 

Structure factor * 1024 x 10-6 - [31, 46] 

Diffusion coefficient �� 1.48 x 10-9 m2/s [66] 

Fiber internal diameter 
���,�,% 90 x 10-6 m [67] 

Fiber external diameter 
���,�e% 200 x 10-6 m [67] 

Active module length ���� 0.6227 m [67] 

Active module radius $��� 0.0775 m [67] 

Central tube radius $�% 0.0107 m [67] 

Void fraction : 0.5 - [31, 46] 

Number of fibers ���� 200,000 - [31, 46] 

Total membrane area �� 60.0 m2 [67] 

Table 3.1: Membrane module parameters used in the RO and PRO simulations. 
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The constant values considered in the simulations are exhibited in Table 3.2. 

These quantities are commonly used by many authors in the analyzed literature [31, 

41, 46]. 

 

Parameter Symbol Value Unit 

Outlet hydraulic pressure on the fibers side "���,��% 101.325 kPa 

Pressure at reference state "0 101.325 kPa 

Temperature of the solutions 0  298.15 K 

Molar gas constant $ 8.3145 J/mol-K 

Density of pure water ?�� 1000 kg/m3 

Table 3.2: Constants used in the RO and PRO simulations. 

 

The models were developed considering inlet and outlet pressures as inputs 

instead of flow rates. This alternative was necessary to solve the system of nonlinear 

equations because MATLAB’s solver encountered issues to find a solution when dealing 

with constrained flow rates. In order to implement the possibility of inputting a range 

of operational parameters to the models, their values were computed indirectly using 

factors and difference parameters. Table 3.3 displays the range of operational input 

parameters to the membrane module of the RO process based on the reviewed 

literature and practical operation in industry. 

 

Parameter Symbol Value range Unit Step 

Salinity of inlet salt water )�-�ℎ,�, 0.020 - 0.050 kg/kg 0.001 kg/kg 

Pressure difference across the module ∆"�ℎ 0.1 - 5.0 kPa 0.1 kPa 

Osmotic pressure factor Π��� 1.10 - 2.50 - 0.05 
Table 3.3: Operational input parameters to the membrane module of the RO process. 

 

The osmotic pressure factor (Π���) and the hydraulic pressure difference across 

the membrane module on the shell side (∆"�ℎ) for the RO process, which are only 

definitions used for allowing a range of inputs to the model, are respectively related to 

the inlet ("�ℎ,�,) and outlet ("�ℎ,��%) hydraulic pressures of feed solution as: 

 "�ℎ,�, = Π��� Π(0 ,	) , (3.42) 

 "�ℎ,��% = "�ℎ,�, − ∆"�ℎ , (3.43) 

 

A similar approach for selecting the input parameters for the PRO process was 

conducted in accordance with the reviewed literature. The range of input parameters 

used are given in Table 3.4.  
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Parameter Symbol Value range Unit Step 

Salinity of inlet draw solution )�-�ℎ,�, 0.020 - 0.050 kg/kg 0.001 kg/kg 

Salinity of inlet feed solution )�-���,�, 0.00083 - 0.001858 kg/kg - 

Pressure difference on the shell side ∆"�ℎ 0.1 - 5.0 kPa 0.1 kPa 

Osmotic pressure factor - shell Π���,�ℎ 0.10 - 0.90 - 0.025 

Osmotic pressure factor - fibers Π���,��� 1.5 - - 
Table 3.4: Operational input parameters to the membrane module of the PRO process. 

 

It is important to mention that the values for the salinity of inlet feed solution 

were obtained from the RO model. Additionally, the osmotic pressure factors on the 

shell side are smaller than unity to allow hydraulic pressure difference inferior to the 

osmotic pressure difference due to a requirement of the PRO process. Also, the inlet 

pressure of feed solution was kept constant at a value below 30 kPa in accordance with 

the investigated literature [31, 68]. This resulted in a constant value for the osmotic 

pressure factor for the fibers side. 

As in the RO process, the osmotic pressure factor (Π���,�ℎ) and the hydraulic 

pressure difference (∆"�ℎ) on the shell side for the PRO process are respectively 

related to the inlet ("�ℎ,�,) and outlet ("�ℎ,��%) hydraulic pressures of draw solution by 

the same Eqs. (3.42) and (3.43). However, the osmotic pressure factor (Π���,���) along 

the hollow fibers of the membrane module for the PRO process is related to the inlet 

("���,�,) pressure of feed solution by: 

 "���,�, = Π���,��� Π(0 ,	) , (3.44) 

 

The outlet pressure on the fiber side was considered as a reference pressure for 

the other pressures. Therefore, all inlet and outlet pressures are gauge pressures relative 

to the outlet pressure on the fiber side ("���,��%). Table 3.5 summarizes all the input 

and output parameters provided to and obtained from the membrane module models 

working in the RO and PRO processes, respectively: 

 

Process Input parameters Output parameters 

RO 

 )�ℎ,�, 

 "�ℎ,�, and "�ℎ,��% 
 "���,��% 
 0  

 Values from Tables 3.1 and 3.2 

 )�ℎ,��% 
 �̇�ℎ,�, and �̇�ℎ,��% 
 )���,��% 
 �̇���,��% 

PRO 

 )�ℎ,�, 

 "�ℎ,�, and "�ℎ,��% 
 )���,�, 

 "���,�, and "���,��% 
 0  

 Values from Tables 3.1 and 3.2 

 )�ℎ,��% 
 �̇�ℎ,�, and �̇�ℎ,��% 
 )���,��% 
 �̇���,�, and �̇���,��% 
 

Table 3.5: Input and output parameters for the RO and PRO models. 
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3.4 Validation 
 

In order to verify the accuracy of the proposed RO model, it was run with data 

acquired from experimental research. An experimental study conducted by Sekino 

(1995) [42] was then selected as a reference to validate the RO model, by reason of 

Sekino (1995) [42] used a membrane module with similar characteristics to the one 

here. The proposed RO model worked under the same conditions and input parameters 

as in their study. Some parameters, which were not provided in Sekino’s (1995) [42] 

research, were considered to be the same values as those found in the analyzed 

literature, since the membrane modules are similar. All these inlet parameters, as well 

as the references they were obtained from are shown in Table 3.6. The results of flow 

rate of permeate produced (4�̇��,��%) and ratio of concentrations between permeate and 

incoming salt water (	c /	�ℎ,�,) varying with the inlet pressure of salt water into the 

membrane module ("�ℎ,�,) were compared against the results presented by Sekino 

(1995) [42]. 

 

Parameter Symbol Value Unit Reference 

Water permeability � 2.89 x 10-13 m/s-Pa  

Salt permeability � 8.12 x 10-9 m/s  

Structure factor * 1024 x 10-6 - [31, 46] 

Diffusion coefficient �� 1.48 x 10-9 m2/s [66] 

Fiber internal diameter 
���,�,% 70 x 10-6 m  

Fiber external diameter 
���,�e% 163 x 10-6 m  

Active module length ���� 0.99 m  

Active module radius $���  0.095 m  

Central tube radius $�% 0.02 m  

Void fraction : 0.5 - [31, 46] 

Number of fibers ���� 598,000 -  

Total membrane area �� 361 m2  

Shell side inlet concentration 	�ℎ,�, 35 kg/m3  

Temperature of the process 0  298.15 K  

Table 3.6: Input parameters for validating the RO model from [42], unless otherwise noted. 

 

Similarly, the PRO model was also verified by comparing the results obtained 

with results from experimental research carried out by Tanaka et al (2018) [31] using 

the same system inputs. Tanaka et al (2018) [31] used a membrane module with similar 

features to the one chosen for this work and its parameters are given in Table 3.7. 

Missing parameters in Tanaka’s et al (2018) [31] research were considered to be 

equivalent to those found in literature for membrane modules with same characteristics 

and are provided in the last column of the aforementioned table.  
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Parameter Symbol Value Unit Reference 

Water permeability � 7.5 x 10-13 m/s-Pa  

Salt permeability � 9.72 x 10-9 m/s  

Structure factor * 1024 x 10-6 -  

Diffusion coefficient �� 1.48 x 10-9 m2/s [66] 

Fiber internal diameter 
���,�,% 85 x 10-6 m  

Fiber external diameter 
���,�e% 175 x 10-6 m  

Active module length ���� 0.682 m  

Active module radius $��� 0.0635 m  

Central tube radius $�% 0.0107 m  

Void fraction : 0.458 -  

Number of fibers ���� 220,000 -  

Total membrane area �� 70.5 m2  

Shell side inlet concentration 	�ℎ,�, 35 kg/m3  

Fibers side inlet concentration 	���,�, <1 kg/m3  

Temperature of the process 0  298.15 K  

Volume flow rate of draw solution 4�̇ℎ,�, 8 l/min  

Volume flow rate of feed solution 4�̇��,�, 8 l/min  

Table 3.7: Input parameters for validating the PRO model from [31], unless otherwise noted. 

 

The average flux in the membrane module (��,��+), calculated as: 

 

��,��+ = 4̇)ℎ,�� − 4̇)ℎ,M1/��  , (3.45) 

 

was compared with the results obtained by Tanaka et al (2018) [31] varying the values 

of inlet pressure of salt water into the membrane module ("�ℎ,�,)  
 

3.5 Computational resources 
 

In possession of the systems of equations and membrane parameters, the models 

for the membrane module were developed using MATLAB (R2020b) software  provided 

by the University of Victoria running on an Intel Core i7 (8th generation), 16 GB RAM 

system. The built-in MATLAB’s fsolve function, which finds the roots of nonlinear 

equations, was employed to solve the system equations. The initial guess provided to 

the fsolve function was used only for the very first cell (indexes � = P = 1) and 

consisted in the same equations presented in this chapter with some simplifications as: 

 

a) Values of flows and fluxes close to zero; 

b) Negligible concentration polarization; 

c) Linear approximation for osmotic pressure (Eq. (2.8)); 

d) Constant values for mass density (?) and dynamic viscosity (=) of the 

solution set as 1000 kg/m3 and 1x10-3 Pa-s, respectively. 
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After obtaining the results for the very first cell, the fsolve function redid all 

calculations without the simplifications mentioned above. Then, it proceeded using the 

previously obtained results as inputs for the system of equations presented in this 

chapter to compute the results for next cell and so on.  
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4. Results and discuss ion  

 

 

Chapter 4 

Results and discussion 

 
In this chapter, the results obtained are presented and discussed in dedicated 

sections for both RO and PRO processes. Initially, the proposed models of membrane 

module are validated. Afterwards, the results that describe the behavior of the fluids 

within the membrane module are analyzed. Finally, the performance curves obtained 

from the models are exhibited and their performance are examined. In order to allow a 

compact notation on the axes of the plots, in this section the values for pressures, 

volume flow rates, water and salt fluxes are given in bar, lpm (liters per minute), 

lpm/m2 and mg/m2-s, respectively. Besides, these units are also usual in literature and 

industry for this topic [31, 46, 47].  

 

4.2 Results for the RO membrane module 
 

This section presents and discusses the results obtained from simulations of the 

membrane module for the RO process. 

 

4.2.1 Validation for RO 
 

As explained in section 3.4, the membrane module model for the RO process was 

validated. Firstly, the experimental research led by Sekino (1995) [42] was used for 

validating the RO model. Figure 4.1 compares the results acquired after using the same 

input values as Sekino (1995) [42] presented in Table 3.6.  

 

 

Figure 4.1: Comparison between experimental and produced results from the proposed RO model. 
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The vertical left axes in Figures 4.1a and b present the volume flow rate of 

permeate produced (4�̇��,��%) and the ratio of concentrations between permeate and 

incoming salt water (	c /	�ℎ,�,), respectively. Whereas the horizontal bottom axes 

show the inlet pressure of salt water into the membrane module ("�ℎ,�,). An 

observation to point out is that Sekino (1995) [42] does not provide the exact values of 

their experimental results, therefore the values were estimated from charts. Results of 

the simulation demonstrate that the proposed model provides relatively reasonable fit 

to the experimental data with differences between 2.40% and 9.47% for the results of 

volume flow rate of permeate (4�̇��,��%)  displayed in Figure 4.1a. Also, discrepancies 

from 4.76% to 9.52% were observed in the results of ratio of concentrations (	c /	�ℎ,�,) 

exhibited in Figure 4.1b. Despite of the deviations found in the results generated by the 

proposed model, the overall trend of results is similar to Sekino (1995) [42]. 

The main reason for the differences found in the results was due to a variable 

diffusion coefficient of salt (��) obtained from trial and error used by Sekino (1995) 

[42]. This parameter influences the mass transfer coefficients and consequently, the 

concentration polarization profile within the membrane module and mass transport 

across the membrane. To find closer results, it would be necessary to use experimental 

variable diffusion coefficient of salt (��) as Sekino (1995) [42], however, performing 

experiments is out of the scope of this study. 

 

4.2.2 Sectional distribution of pressures, flows and fluxes for RO 
 

Before presenting the performance curves for the membrane module working in 

the RO process, this section presents the behavior of fluxes, flow rates and pressures 

within the membrane module to clarify the performance results obtained for the 

process. To reach this, the model worked with the average inlet values presented in 

section 3.3 as shown in Table 4.1.  

 

Parameter Symbol Value Unit 

Salinity of inlet salt water )�-�ℎ,�, 0.035 kg/kg 

Pressure difference across the module ∆"�ℎ 0.0255 bar 

Osmotic pressure factor Π��� 1.80 - 
Table 4.1: Average inlet parameters for understanding the behavior of certain quantities within the 

membrane module of the RO process. 

 

A sectional distribution of the values in each cell of fluxes, flow rates and 

pressures was plotted along the axial (from left to right) and radial (from right to left) 

directions of the membrane module as depicted in Figures 4.2 to 4.5. The presentation 

and discussion of these figures are provided in the following paragraphs. 
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Figure 4.2 presents a sectional distribution of pressure within the membrane 

module in each cell. Figure 4.2a shows that the hydraulic pressure of feed solution on 

the shell side is uniformly distributed along the axial direction of the module, which 

agrees with the principle of transmission of fluid-pressure (Pascal’s principle) [69]. In 

Figure 4.2b the hydraulic pressure is higher on the fibers side in the first radial and a 

few axial cells before the middle of the membrane module because these cells are closer 

to the central perforated tube and are the first cells to receive fluid at higher hydraulic 

pressure coming from the shell side. The number of hollow fibers in each cell also 

influenced the pressure drops because the cells closer to the central perforated tube 

present smaller number of fibers and consequently, less fibers were susceptible to 

pressure drop. Both Figures 4.2a and b also demonstrate that the segmented versions 

of Ergun Eqs. (3.37), (3.39) and (3.41), as well as Hagen-Poiseuille Eqs, (3.36), (3.38) 

and (3.40) were able to show reasonable and expected pressure drops on the shell 

(radial direction) and fibers (axial direction) sides caused by frictional losses, agreeing 

with literature [31, 46, 47]. 

 

 

Figure 4.2: Sectional distribution of pressures for each cell within the membrane module. 

 

The behavior of the solution within the membrane module was also evaluated 

from the point of view of the sectional distribution of flow rates as shown in Figure 4.3. 

Figure 4.3a shows that the most inner cells on the shell side presented higher amounts 

of volume flow rate due to their proximity with the central perforated tube. The 

volume flow rate of fluid decreased along the radial direction, as part of the solution 

crossed the hollow fibers. The axial values of flow rates were homogeneous due to no 

fluid accumulation in this direction. On the fibers side displayed in Figure 4.3b, the 

volume flow rate of permeate in the axial direction increased for every cell because of 

accumulation of fluid coming from the previous cells. The volume flow rate of permeate 

also increased in the radial direction because of the larger number of hollow fibers at 

higher radius within the membrane module, which allowed a larger volume of solution 

to cross the fibers. Finally, the highest flow rate values occurred at the most outer 

radius and length due to a combination of fluid accumulation and larger number of 

fibers on that location. 
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Figure 4.3: Sectional distribution of volume flow rates for each cell within the membrane module. 

 

Another important aspect to comprehend the behavior of the solutions within 

the membrane module is shown in Figure 4.4. This figure shows that the salinity 

increased in the radial direction either on the membrane surface (Figure 4.4a) and 

within the hollow fibers (Figure 4.4b).  

 

 

Figure 4.4: Sectional distribution of salinities for each cell within the membrane module. 

 

Figure 4.4a shows that the salinity on the membrane surface was higher than 

the inlet salinity of the feed solution since the first axial cells due to concentration 

polarization. These salinity values increased by steps of 6.5 kg/kg (13.85%) towards the 

outer radius of the membrane module because the most part of water in the shell had 

already crossed the hollow fibers by the center of the radius of the module, leaving a 

concentrated brine solution in the upper part of the membrane module. This allowed 

large amounts of salt to accumulate on the membrane surface in that region. On the 

other hand, salinity raised by average steps of 0.00035 kg/kg (39.45%) along the radial 

direction on the fibers side as shown in Figure 4.4b because of the particles of salt that 

crossed the not perfectly selective hollow fibers along with water molecules. The 

amount of salt in the permeate solution increased towards the upper part of the 

membrane module in the radial direction due to the salt coming from the concentrated 

brine solution in that region that crossed a large number of fibers positioned there. 

This issue unveiled that the hollow fibers in the upper part of the membrane module 

were not used as efficiently as possible. Working with membrane modules with smaller 

dimensions might be beneficial to improve usage of the membrane area provided by the 

hollow fibers, which agrees with related literature [31]. 
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Figure 4.5 shows sectionally how the fluxes of water and salt were distributed in 

each cell within the membrane module. According Figure 4.5a, the fibers closer to the 

central perforated tube received larger flux of water because the salinities of salt water 

and permeate in this region presented lower values, consequently, their osmotic 

pressures were lower as well. This allowed a small osmotic pressure gradient in that 

region and made the difference between hydraulic and osmotic pressures to reach 

higher values, which resulted in a larger flux of water through the fibers in the first 

cells in the axial direction. The flux of water decreased towards the outer radius of the 

membrane module because most part of the water molecules had already crossed the 

hollow fibers located in the first cells on the radial direction. As a result, less water was 

left to cross the hollow fibers located in the outer radius and it became more 

concentrated. This led the osmotic pressure difference between water in the shell and 

fibers sides to increase, which reduced the difference between hydraulic and osmotic 

pressures and consequently, the water flux through the fibers in that region.  

As shown in Figure 4.5b, the flux of salt was smaller in the first cells nearer to 

the central tube because the solution was more diluted in that region and the salinity 

gradient was smaller. Nonetheless, the salt flux increased along the radial direction by 

reason of most part of water molecules had already crossed the hollow fibers in the first 

cells, leaving a more concentrated solution in the upper part of the membrane module 

as explained earlier. This led the salinity gradient of the solution between the shell and 

fibers side to reach higher values, which allowed larger amount of salt to cross the 

fibers in that region. 

 

 

Figure 4.5: Sectional distribution of fluxes for each cell within the membrane module. 

 

The issue of having a more concentrated solution in the upper part of the 

membrane module was also observed in terms of water and salt fluxes as presented in 

Figure 4.5. This is a point of attention for membrane module designers to improve the 

utilization of the available membrane area in future development of this component. 

Depending on the proposed enhancements to reach this goal, for instance, reduction in 

the radius of the module and/or number of fibers, membrane modules might become 

more financially attractive for new desalination projects and research about RO. 
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4.2.3 Performance curves for RO 
 

After acquiring a clearer understanding of the behavior of pressures, volume flow 

rates, salinities and fluxes within the membrane module, the major focus of this work is 

presented and discussed in this section. After simulating the membrane module model 

for the RO process using the input parameters presented in section 3.3, the results 

obtained for the key performance parameters were combined into meaningful plots.  

In the following figures, the base axes represent the two most important input 

parameters, which are the inlet volume flow rate of salt water (feed solution) (4�̇ℎ,�,) 
plotted on the left bottom axis and its hydraulic pressure ("�ℎ,�,) plotted on the right 

bottom axis. The vertical axis provides the results for different output parameters 

obtained from the simulations, which varies depending on the analyzed figure. Lastly, 

the figures also provide an additional output parameter represented as a color scale to 

display the results for the salinity of the permeate solution ()�-���,��%), which is a 

crucial parameter to measure the quality of permeate produced. A preliminary analysis 

demonstrated that all the results acquired from the simulations for the 5-inch scale 

Toyobo HP5255SI-H3K membrane module presented similar trend when using the 

operational input parameters presented earlier in Table 3.3. In order to make this 

section more concise, only the results using the inlet salinity of feed solution of 0.035 

kg/kg are shown and discussed in this section. This value is the salt water salinity used 

as reference [22]. Further results for lower and higher salinities of inlet feed solution are 

provided in Appendix B. 

The amount of permeate produced by a RO process is one of the most 

important indicators of the system performance. Figure 4.6 shows the volume flow rate 

and salinity of permeate produced using the selected membrane module.  

 

 

Figure 4.6: Performance curve for the Toyobo HP5255SI-H3K membrane module in terms of permeate 

outlet volume flow rate and salinity for different inlet parameters. 
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Figure 4.6 shows that increments in the inlet volume flow rate of feed solution 

did not significantly affect the amount of permeate solution produced compared to 

increases in its inlet hydraulic pressure. In other words, when the membrane module 

worked with the feed solution at inlet hydraulic pressures up to 45 bar, the amount of 

permeate produced was not very expressive even for larger inlet volume flow rates of 

feed solution. To produce higher volume of permeate solution, the feed solution had to 

be pressurized at higher inlet hydraulic pressures above 45 bar. This behavior revealed 

that the amount of permeate produced was mainly affected by the inlet hydraulic 

pressure of feed solution than by its inlet volume flow rate because the water flux 

through the membrane is a function of hydraulic and osmotic gradients only. It is 

necessary to carefully analyze in which circumstance it would be beneficial to increase 

the inlet hydraulic pressure of feed solution to produce more volume of permeate. 

Unfortunately, this would require more power input to the system and also raise the 

operation costs, beyond increasing the entropy generation within the membrane 

module, producing more losses. 

Figure 4.6 also demonstrates that the salinity of permeate relies more on the 

inlet volume flow rate of feed solution than on its inlet hydraulic pressure. That means, 

for inlet volume flow rates of feed solution higher than approximately 18 lpm, the 

salinity of permeate produced dropped substantially to around 0.0035 kg/kg, which is 

nearly half of the highest value reached by a combination of low inlet volume flow rate 

and hydraulic pressure of the feed solution. After this point, the salinity of permeate 

reduces even more as either the inlet volume flow rate or hydraulic pressure of feed 

solution is increased. Therefore, the notable influence of the inlet volume flow rate over 

the salinity of permeate output is explained by the fact that the velocity of the feed 

solution within the membrane module is high, which did not allow enough time for 

large quantities of salt to cross the hollow fibers. 

As expected, Figure 4.6 shows that increasing the inlet hydraulic pressure and 

volume flow rate of feed solution led to a larger production of permeate with lower 

salinity by reason it provided higher flow velocities within the membrane module and 

did not allow enough time for salt to cross the hollow fibers. This case is clearly 

advantageous from the point of view of the amount of permeate produced at proper 

quality. On the other hand, low values of inlet hydraulic pressure and inlet volume flow 

rate resulted in low amounts of permeate produced with very high salinity because the 

velocity of the inlet flow rate of feed solution within the membrane module was also 

low. The feed solution spent more time within the module, allowing salt to be in 

contact with the hollow fiber membranes for a longer period and increasing the chances 

of salt to cross the membrane. Hence, Figure 4.6, provides ways to find an optimum 

and feasible combination of input parameters, which will lead to the highest amount of 

permeate produced with the lowest salinity possible. 
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Besides the amount of permeate produced by a RO process, another key 

indicator of the membrane module performance is the recovery ratio. Figure 4.7 

presents the recovery ratio and salinity of permeate produced by the Toyobo 

HP5255SI-H3K membrane module. 

 

 

Figure 4.7: Performance curve for the Toyobo HP5255SI-H3K membrane module in terms of recovery 

ratio and permeate salinity for different inlet parameters. 

 

Figure 4.7 demonstrates that for low values of inlet volume flow rate and 

hydraulic pressure of feed solution, the recovery ratio was only around 5%, while the 

salinity of permeate produced reached high values, above 0.0050 kg/kg. This occurred 

due to the combination of small amount of feed solution entering the membrane 

module at low velocity, which led the feed solution to spend a long time within the 

membrane module in contact with the fibers. This resulted in a small and highly 

concentrated production of permeate. Figure 4.7 also shows that increasing the inlet 

volume flow rate of feed solution resulted in lower recovery ratio values at lower 

salinities. This is explained by the larger amount of feed solution entering the 

membrane module and not having enough time for crossing the hollow fibers, since it 

spent less time there.  

A suitable way to increase the recovery ratio was by raising the inlet hydraulic 

pressure of feed solution because it increased the flux of water through the fibers and 

decreased the effect of concentration polarization. The highest recovery ratio results 

occurred when a high inlet hydraulic pressure was applied when working with low inlet 

volume flow rates of feed solution. This was caused by a small amount of feed solution 

being highly pressurized against the surface of the fibers for long enough to force, not 

only water molecules, but also salt particles to penetrate it. Therefore, working with a 

combination of high inlet hydraulic pressures (between 55 bar and 60 bar) and lower 

volume flow rates (up to 10 lpm) of feed solution is the best alternative to reach higher 

recovery ratios (above 15%) despite the moderate values for salinity of permeate 



66 

 

produced (from 0.0020 to 0.0030 kg/kg). However, as mentioned in the previous 

paragraphs, it would require more power to be provided to the system and would 

generate more losses. 

Equally important to the above indicators, the salt rejection of the membrane 

module was also evaluated. Figure 4.8 presents the results obtained for salt rejection 

and salinity of permeate using the membrane module selected here.  

 

 

Figure 4.8: Performance curve for the Toyobo HP5255SI-H3K membrane module in terms of salt rejec-

tion and permeate salinity for different inlet parameters. 

 

As described in the last paragraphs, low incoming amount of feed solution at 

low velocity provided by lower values of inlet hydraulic pressures and volume flow rate 

of feed solution was not advantageous in terms of salt rejection rate as shown in Figure 

4.8 because this condition allows enough time for salt to penetrate the hollow fibers. 

Increasing the inlet hydraulic pressure of feed solution only, did not provide significant 

increase in salt rejection rate for lower inlet volume flow rates (below 10 lpm) because 

the feed solution was strongly forced against the hollow fibers, allowing more salt 

particles to cross the membranes together with water molecules. Consequently, salt 

rejection was not very high and the permeate solution presented high salinity. 

On the other hand, increasing either the inlet volume flow rate or hydraulic 

pressure of feed solution decreased the influence of concentration polarization on the 

water flux and led to higher salt rejection rates and lower salinity values of permeate 

outflow. This was due to lesser accumulation of salt on the membrane surface and 

higher flux of water crossing the hollow fibers, which is a function of the hydraulic 

pressure gradient through the membrane. Hence, to achieve salt rejection rates above 

96% with a favorable salinity below 0.0020 kg/kg, it is not necessary to work at very 

high values of inlet volume flow rate and hydraulic pressure of feed solution, since 

values around 18 lpm and 35 bar, respectively, would be enough to reach these results 

for the analyzed membrane module. 
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The behavior of the Toyobo HP5255SI-H3K membrane module was also assessed 

in terms of power loss. The results acquired for this parameter are exhibited in Figure 

4.9 together with salinity of outgoing permeate solution. 

 

 

Figure 4.9: Performance curve for the Toyobo HP5255SI-H3K membrane module in terms of power loss 

and permeate salinity for different inlet parameters. 

 

At a first look, Figure 4.9 resembles the plot for the results on volume flow rate 

of permeate solution produced previously discussed in this section (see Figure 4.6). It is 

totally reasonable since the outflow volume permeate is related to the work loss within 

the membrane module in the sense that higher values of inlet hydraulic pressure of feed 

solution are required to produce larger amounts of permeate. This increases the flow 

velocities within the membrane module generating more entropy, which leads to larger 

internal losses in the process. Increments in the inlet volume flow rate also raised the 

internal losses because higher volume flow rates of feed solution are associated with 

higher values of entropy entering the membrane module. It was noticed that inlet 

hydraulic pressure changes were dominant over inlet volume flow rate of feed solution 

in terms of power losses because internal losses within the membrane module were 

more sensitive to changes in inlet hydraulic pressure compared to inlet volume flow 

rate. Finally, as explained earlier in this section, low values of inlet volume flow rate 

and hydraulic pressure led to saltier permeate solution. Thanks to low inlet hydraulic 

pressure and flow rate, the internal losses within the membrane module were not 

significant.  

Another parameter analyzed was the extra work to be added to the membrane 

module in order to overcome the internal losses. Figure 4.10 presents the extra cost 

work per litter of permeate solution produced with its salinity. 
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Figure 4.10: Performance curve for the Toyobo HP5255SI-H3K membrane module in terms of extra cost 

work and permeate salinity for different inlet parameters. 

 

Figure 4.10 also resembles the shape of a previously presented performance 

curve seen in this section (Figure 4.8), however, there are some differences. As shown 

in Figure 4.10, low inlet hydraulic pressure values and volume flow rate of feed solution 

required little work to overcome internal losses within the membrane module. The 

quality of permeate was not desirable in this case due to its high salinity. On the other 

hand, the work necessary to overcome internal losses per litter of permeate produced 

increased more significantly with increments in the inlet hydraulic pressure compared 

to raises in the inlet volume flow rate of feed solution. This occurred because of entropy 

generation increased more with hydraulic pressure increments, producing higher 

amounts of internal losses within the membrane module. This led to larger values of 

work required by the pumping system to overcome the losses within the membrane 

module. Increasing inlet volume flow rate also contributed for extra cost work, but in 

less extension compared to inlet hydraulic pressure increments. Therefore, balancing 

the production of permeate and its salinity with a low value of extra cost work is quite 

challenging, since to obtain satisfactory results for a certain output parameter requires 

to sacrifice others. 

 

4.3 Results for the PRO membrane module 
 

This section demonstrates and analyzes the results obtained from simulations of 

the membrane module for the PRO process. The discussion was performed as follows. 

 

4.3.1 Validation for PRO 
 

For the PRO process, an experimental research carried out by Tanaka et al 

(2018) [31], was used to validate the proposed model. A comparison between the results 
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obtained using the same input parameters as the authors (see Table 3.7) is exhibited in 

Figure 4.11. In this curve, the vertical left axes provide the average flux in the 

membrane module (��,��+) presented in Eq. (3.45). 

Figure 4.11 shows that the obtained results from the PRO model were in 

reasonable agreement with the experimental data, with deviation ranging from 1.67% 

to 13.64%. These differences are explained by some simplifications adopted in the 

proposed model mentioned in section 3.2.1 (i.e. constant membrane parameters, steady 

state condition, average fiber length, etc.) which do not occur in actual applications. 

However, this membrane module model provides a reasonable idea on what to expect in 

terms of performance when working in PRO systems. 

 

 

Figure 4.11: Comparison between experimental and produced results from the proposed PRO model 

 

4.3.2 Sectional distribution of pressures, flows and fluxes for PRO 
 

Analogously to the analysis performed to understand the behavior of the RO 

model previously in section 4.2.2, the proposed membrane module model for PRO was 

also assessed in order to comprehend what occurs within it in terms of pressures, 

salinities, flow rates and fluxes. The PRO model worked with the average values of the 

inlet parameters provided in section 3.3 as displayed in Table 4.2. 

 

Parameter Symbol Value Unit 

Salinity of inlet draw solution )�-�ℎ,�, 0.035 kg/kg 

Salinity of inlet feed solution )�-���,�, 0.001344 kg/kg 

Pressure difference across the module ∆"�ℎ 0.0255 bar 

Osmotic pressure factor of draw solution Π���,� �� 0.50 - 

Osmotic pressure factor of feed solution Π���,���� 1.50 - 

Table 4.2: Average inlet parameters for understanding the behavior of certain quantities within the 

membrane module of the PRO process. 
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For the PRO process, a sectional distribution of the values in each cell of the 

forementioned quantities was plotted along the axial and radial directions of the 

membrane module as exhibited in Figures 4.12 to 4.15. 

Figure 4.12 provides a sectional distribution of hydraulic pressure within the 

membrane module in each cell. The hydraulic pressure of both draw (Figure 4.12a) and 

feed (Figure 4.12b) solutions were uniformly distributed along the radial and axial 

directions, respectively, within the membrane module, which agrees with the principle 

of transmission of fluid-pressure [69]. Also in Figure 4.12b, the cells closer to the central 

perforated tube, which have less fibers, presented slightly lower values of pressure 

drops because of the smaller amount of fibers. Similarly for the PRO process, the 

segmented versions of Ergun Eqs. (3.37), (3.39) and (3.41), as well as Hagen-Poiseuille 

Eqs, (3.36), (3.38) and (3.40) predicted the pressure drops on the shell (radial 

direction) and fibers (axial direction) caused by frictional losses as expected and this 

agrees with the reviewed literature [31, 46, 47]. 

 

 

Figure 4.12: Sectional distribution of pressures for each cell within the membrane module. 

 

The sectional distribution of flow rates within the membrane module was also 

analyzed and it is depicted in Figure 4.13. Figures 4.13a and b present a similar 

pattern for both draw and feed solutions across the membrane module. That is, both 

fluids on the shell and fibers sides increased their flow rates radially but decreased it 

axially within the membrane module. The reasons for this are explained as follows. 

 

 

Figure 4.13: Sectional distribution of volume flow rates for each cell within the membrane module 
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The radial increment on volume flow rate of draw solution on the shell side 

shown in Figure 4.13a is due to the mixture of the existent draw solution with the flow 

of feed solution crossing the hollow fibers. The volume of this mixture of fluids 

increased along the radial direction where the number of hollow fibers is larger and 

consequently, there was higher amount of feed solution crossing the fibers and dilute 

the draw solution due to the difference in chemical potential. The volume flow rate of 

the mixture between draw and feed solutions slightly decreased towards the axial 

length of the membrane module near the outer radius because the mixture in that 

region was leaving the membrane module by the outlet pipe. Similarly, Figure 4.13b 

shows that the volume flow rate of feed solution within the hollow fibers also increase 

along the radial direction of the membrane module. The reason for this was due to a 

geometric characteristic of the membrane module in which a larger number of fibers are 

placed towards the outer radius. As a result, the larger is the radius within the 

membrane module, the higher was the amount of feed solution able to flow through the 

cells in that particular radial section. Also, the volume flow rate of feed solution within 

the hollow fibers decreased along the axial direction because part of the fluid crossed 

the fibers towards the shell side due to the chemical potential gradient. 

From the perspective of salinities of the draw and feed solutions, the sectional 

distribution for each cell is exhibited in Figure 4.14. In this figure, the salinities on the 

shell and fibers sides present opposite behavior. 

 

 

Figure 4.14: Sectional distribution of salinities for each cell within the membrane module. 

 

In Figure 4.14a, the salinity of draw solution on the shell side decreased in the 

axial direction because it was becoming more diluted as water molecules crossed the 

fibers driven by the chemical potential gradient along the membrane module. Also, the 

highest salinity values on the shell side were found on those cells close to the central 

perforated tube. This occurred by reason of the number of hollow fibers in that region 

was lower, leading to a smaller flux of water through them. The salinity on the shell 

side slightly decreased towards the radial direction because there were more fibers in 

those regions, which allowed for higher flux of water coming from the fibers to dilute 

the draw solution. Figure 4.14b shows that the feed solution entered the membrane 

module at the lowest salinity values, and it increased towards the axial direction due to 
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the reverse salt flux crossing the fibers from the draw solution on the shell side, which 

is an effect of the concentration polarization phenomenon. The impact of this salinity 

distribution reflected on water and salt fluxes presented in the next paragraphs. 

Finally, Figure 4.15 presents how the fluxes of water and salt were distributed in 

each cell within the membrane module for the PRO process. These plots and their 

explanation are supported by the previous plots discussed in this section. 

 

 

Figure 4.15: Sectional distribution of fluxes for each cell within the membrane module. 

 

According to Figure 4.15a, the water flux was larger in the first radial cells 

because the difference of salinities between draw and feed solution was greater in this 

region and consequently, their osmotic pressure difference. Since the hydraulic pressure 

difference is smaller than the osmotic pressure difference in PRO processes, the higher 

osmotic pressure gradient in this region allowed a larger amount of water to cross the 

fibers towards the shell side to dilute the draw solution for balancing the chemical 

potential of the fluids on the feed and draw sides. The reverse salt flux increased the 

salinity of the solution within the hollow fibers and decreased the water flux towards 

the shell side along the axial direction of the membrane module, which was affected by 

the reduction in the osmotic pressure difference between feed and draw solutions. From 

the salt flux point of view presented in Figure 4.15b, the amount of salt flux, which is a 

function of concentrations, increased along the axial direction of the membrane module. 

This occurred due to increments in the concentration gradient between draw and feed 

solutions caused by the reverse salt flux and concentration polarization phenomenon. 

An alternative to mitigate these issues would be designing shorter membrane modules 

with the purpose of reducing the salt flux that crosses the hollow fibers from the shell 

side along the axial length of the module. 

 

4.3.3 Performance curves for PRO 
 

After performing the simulations of the membrane module model for the PRO 

process with the input parameters presented in section 3.3, the results acquired for the 

key performance indicators were presented into significant plots, analogously to what 

was done in section 4.2.3 for the RO process. 
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In the subsequent figures, the base axes represent two input parameters, which 

are the inlet volume flow rate of draw solution (4�̇ℎ,�,) plotted on the left bottom axis 

and its inlet hydraulic pressure ("�ℎ,�,) or the inlet hydraulic pressure difference 

between the feed and draw solutions (∆"�ℎ−���,�,) depending on the plot. These last 

two parameters were plotted on the right bottom axis. The vertical axis presents the 

results for output parameters obtained from the simulations, which is different for each 

figure. The plots also provide another output parameter represented as a color scale. As 

in the RO model, the PRO results for the 5-inch scale Toyobo HP5255SI-H3K 

membrane module presented similar trend when using the operational input parameters 

given in Table 3.4. To make this section more compact, only the results using the inlet 

salinity of draw solution of 0.035 kg/kg, which is the reference value for salt water used 

here [22], are shown and discussed. Additional results for lower and higher salinities of 

inlet draw solution using this membrane module are provided ahead in Appendix C. 

The amount of power produced per unit membrane area (power density) is an 

indicator widely used in literature [5, 41, 68] for describing the membrane module 

efficiency in PRO processes. Figure 4.16 presents the power density and the irreversible 

net power output produced using the selected membrane module.  

 

 

Figure 4.16: Performance curve for the Toyobo HP5255SI-H3K membrane module in terms of power 

density and net power output for different inlet parameters. 

 

As shown in Figure 4.16, the Toyobo HP5255SI-H3K membrane module working 

in the PRO process reached a maximum power density of 8.1 W/m2, which was 

achieved when ∆" = ∆Π 2⁄  [70]. After this maximum point, as the hydraulic pressure 

difference kept increasing, it went towards equilibrium with the osmotic pressure 

difference. This reduced the water flux through the hollow fibers and consequently, the 

osmotic driving force across the membrane and the power density of the membrane 

module. This behavior agrees to results found in literature [5, 68]. Also, the maximum 

net power output occurred at higher flow rates because a larger amount of feed solution 
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was drawn from the fibers, allowing a larger amount of diluted fluid to flow out of the 

membrane and produce more power. Hence, for the membrane module to perform at its 

best in terms of power density and net power output, it is interesting to work with the 

inlet hydraulic pressure difference near 12 bar together with inlet volume flow rates of 

draw solution above 10 lpm. 

The net power output was evaluated along with the power loss within the 

membrane module as shown in Figure 4.17. This plot demonstrates that the net power 

output produced increased with increments in the inlet volume flow rate of draw 

solution only. The amount of net power output produced was more influenced by 

increments in the inlet volume flow rate of draw solution than on its inlet hydraulic 

pressure because larger amount of draw solution within the membrane module induced 

a higher water flux across the fibers to equilibrate the chemical potential on draw and 

feed sides. Then, larger amounts of diluted solution flowed out of the membrane 

module to generate power. Although power loss did not significantly affect the amount 

of output net power produced by the PRO process, lower inlet hydraulic pressures of 

draw solution generated higher amounts of power losses, which were reduced as the 

inlet hydraulic pressure was raised. 

 

 

Figure 4.17: Performance curve for the Toyobo HP5255SI-H3K membrane module in terms net power 

output and power loss for different inlet parameters. 

 

4.4 Remarks on integrated RO-PRO systems 
 

Over the years, several studies have been conducted on the development of PRO 

systems aiming to improve their practical and economical feasibility [5, 19, 20, 31, 32, 

43, 68, 71-73]. Also, the very first PRO pilot plant built and operated by the 

Norwegian company Statkraft AS from 2009 to 2014 was an unsuccessful attempt of 

producing and selling electricity due to the high production and operation costs [74, 
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75]. Before this scenario, there is no doubt that PRO systems are still a concept and 

need to be improved before being put into actual application. 

Integration of RO and PRO systems has also been studied over the time. The 

aim of these research was to desalinate salt water using the RO and store the resulting 

freshwater and brine in separate tanks, then produce power by joining them into a 

PRO system. Unfortunately, proposed systems found in recent literature presented very 

low efficiencies around 10% [18, 47, 76]. In light of the investigation carried out in this 

study, combining RO and PRO systems would not work at least with current 

technology due to the following reasons: 

 

a) After desalinating salt water, the obtained permeate solution would present 

some salinity, which would reduce the osmotic pressure difference in a PRO 

system, leading to less power generation; 

b) Depending on the size of the RO system, the amount of permeate produced 

might not be enough for the necessity of the PRO system to be worthy to 

generate power; 

c) After the RO process, there might be accumulation of salt in both brine and 

permeate tanks and at certain point, these fluids would have to be 

discharged because it would not be advantageous to use them in the PRO 

system. The saltier permeate and brine would have to go through treatment 

before being discharged, increasing operational costs. Trying to use brine 

and/or permeate with high salinities in PRO systems impact directly on the 

operational costs of the combined RO-PRO system. First, brine at very high 

salinity requires higher inlet hydraulic pressures into the system and 

consequently, larger amounts of power input, increasing costs. Secondly, 

using permeate with high salinity is also a problem because it presents high 

osmotic pressure, therefore the osmotic pressure gradient for the PRO 

process will be lower because of lower flux of water through the fibers and 

less power would be produced. 
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5. Conclusions and sugges tions for future wor k  

 

 

Chapter 5 

Conclusions and suggestions for future work 

 
The development of this work provided interesting insights and the main ones 

are listed as follows: 

 

a) Working with membrane modules with smaller radius in RO processes might 

be advantageous to decrease unused membrane area, leading to more 

permeate production and reducing costs related to this component; 

b) The performance curves for the RO process provide feasible ways to find the 

optimum values of inlet parameters to produce the highest amount of 

permeate with the lowest salinity; 

c) The amount of permeate produced is majority affected by the inlet hydraulic 

pressure of feed solution than by its inlet volume flow rate; 

d) The velocity of feed solution within the membrane module in the RO process 

determines how long water molecules and salt particles will be in contact 

with the fibers, which is one of the factors that determines fluxes across the 

membrane; 

e) The influence of concentration polarization in the membrane module of RO 

systems decreases by raising the inlet hydraulic pressure of feed solution; 

f) Higher salt rejection rates with low salinity values in RO do not require very 

high inlet flow rates and hydraulic pressures of feed solution; 

g) Internal losses in the membrane module of RO process are more sensitive to 

changes in inlet hydraulic pressure than in inlet volume flow rate; 

h) Higher flow velocities within the membrane module of a RO system produces 

more entropy and leads to larger internal losses in the process; 

i) The extra cost work in RO processes is directly related to increments in both 

inlet hydraulic pressure and flow rate of feed solution; 

j) Shorter membrane modules might be a suitable alternative to mitigate the 

reverse salt flux through the hollow fibers in PRO applications; 

k) To extract the highest power density from a membrane module in PRO 

systems it is not necessary to work with high input hydraulic pressures or 

volume flow rates of draw solution. The same is valid for power production; 
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l) The amount of net power output produced in PRO processes is more 

influenced by increments in the inlet volume flow rate of draw solution than 

on its inlet hydraulic pressure; 

m) A combined RO-PRO system would not work with currents technology due 

to limitations on the initial salinity and amount of feed solution to run the 

PRO system, as well as high costs with operation, storage and treatment of 

feeding fluids for the PRO process. 

 

The simplifications adopted in this work certainly reflected on the obtained 

results. Therefore, there is a great opportunity to refine and improve it to bring the 

models closer to an actual membrane module operation. The main suggestions for 

future work are given below: 

 

a) Improve the model to account for the whole length of each individual hollow 

fiber may lead to more accurate results; 

b) Use water (A), salt (B) and diffusion (��) coefficients as functions of 

concentration of the solution would lead to a more realistic model; 

c) Use different temperatures for the inlet fluids and account for the temperature 

change within the membrane module during the processes; 

d) Use transient state operation at the beginning of the simulation; 

e) Use higher number of axial and radial divisions to increase accuracy of the 

models; 

f) Find the optimum operating conditions for the membrane module working in 

the RO and PRO processes using the resulting performance curves. 
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Appendix A 

 

 

Figure A.1 Toyobo HP5255SI-H3K membrane module specification sheet [67]. 
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Appendix B 
 

 

Figure B.1: Performance curves for the Toyobo HP5255SI-H3K membrane module working in the RO 

process in terms of permeate outlet volume flow rate and its salinity for inlet feed solution with salinities 

of 0.020 kg/kg (a) and 0.050 kg/kg (b). 

 

 

Figure B.2: Performance curves for the Toyobo HP5255SI-H3K membrane module working in the RO 

process in terms of recovery ratio and permeate salinity for inlet feed solution with salinities of 0.020 

kg/kg (a) and 0.050 kg/kg (b). 

 

 

Figure B.3: Performance curves for the Toyobo HP5255SI-H3K membrane module working in the RO 

process in terms of salt rejection and permeate salinity for inlet feed solution with salinities of 0.020 

kg/kg (a) and 0.050 kg/kg (b). 
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Figure B.4: Performance curves for the Toyobo HP5255SI-H3K membrane module working in the RO 

process in terms of power loss and permeate salinity for inlet feed solution with salinities of 0.020 kg/kg 

(a) and 0.050 kg/kg (b). 

 

 

Figure B.5: Performance curves for the Toyobo HP5255SI-H3K membrane module working in the RO 

process in terms of extra cost work and permeate salinity for inlet feed solution with salinities of 0.020 

kg/kg (a) and 0.050 kg/kg (b). 

 

  



87 

 

Appendix C 
 

 

Figure C.1: Performance curve for the Toyobo HP5255SI-H3K membrane module working in the PRO 

process in terms of power density and net power output for inlet draw solution with salinities of 0.020 

kg/kg (a) and 0.050 kg/kg (b). 

 

 

Figure C.2: Performance curve for the Toyobo HP5255SI-H3K membrane module working in the PRO 

process in terms net power output and power loss for inlet draw solution with salinities of 0.020 kg/kg 

(a) and 0.050 kg/kg (b). 


