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Abstract 
 

Despite presenting a vast opportunity as a renewable energy resource, ocean wave 

energy has yet to gain commercial success due to the design space being divergent.  To 

facilitate convergence, this dissertation has proposed a method using the mechanical 

circuit framework to transform a linear representation of any wave energy converter into 

an equivalent single body absorber, or canonical form, through the systematic application 

of Thévenin’s theorem.  Once the canonical form for a WEC has been established, 

criteria originally derived to maximize power capture in single body absorbers is then 

applied.   

Through this process, a master-slave relationship was introduced that relates the 

geometry and PTO parameters of a wave energy converter device to one another and 

presents a new method to establish the best possible power capture in analytical form 

based on dynamic response.  This method has been applied to reprove the power capture 

limits derived by Falnes and Korde for their point absorber devices, and proceeds to 

introduce a new analytical power capture limit for the self-reacting point absorber 

architecture, while concurrently establishing design criteria required to achieve the limit.  

A new technology, the inerter, has been introduced as a means to implement the design 

criteria.  

The method has been further developed to establish the generic optimal phase control 

conditions for complex WEC architectures.  In doing so, generic equations have been 

derived that describe how a geometry control feature set is used to satisfy the required 

optimal phase criteria.  Finally, this dissertation has demonstrated that applying this 

method with a generic reactive force source enacting the geometry control establishes 
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analytical optimal conditions on the force source to achieve optimal power capture.  This 

work revealed how the analytical equations defining the optimal force source reactance 

derived in this dissertation for self-reacting point absorbers represents a tangible design 

constraint prior to specifying how that constraint must be satisfied.  As the force source is 

generic and conceptual, substitution with a physical embodiment must adhere to this 

constraint thus, steering technology innovation. 
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1 Introduction 

For a planet in peril, the transition of the global energy economy from fossil fuel to 

renewable energy sources is often viewed as an imperative evolution for the long term 

survival of mankind.  Of the available renewable energy resources, ocean wave energy is 

often perceived as the last untapped source [1].  Although the ocean is observed as a 

harsh environmental resource to tame, there are several positive drivers for seeking a 

means to harness wave energy.  Three primary motivations are: 1) ocean waves are a 

high-density energy resource with the global average being at least ten times more dense, 

on a per unit area basis, than the average solar flux [2,3],  2) relative to alternative 

renewable energy resources, the resource is highly predictable allowing for less 

uncertainty in operating a stable energy network [4], and  3) in regions distant from the 

equator, the wave energy density peaks in the winter season, complementing with the 

solar and wind energy resources to, as a combined resource, satisfy local annual energy 

demand [3].  Although there is a clear benefit of extracting energy from ocean waves, 

commercial scale deployments of Wave Energy Converter (WEC) devices have yet to 

gain traction.   

1.1 Overview of the Economics of WEC Development 

A primary factor in dissuading market investment in WEC development is the 

relatively high Cost of Energy (CoE) in relation to alternative renewable sources [5].  

Based on a recent report by the International Renewable Energy Agency1, the CoE of 

WEC devices considered range from 0.33-0.63/kWh requiring a reduction by a factor of 

                                                 
1 Kempener R., Neumann F., IRENA Ocean Energy Technology Brief 4, International 

Renewable Energy Agency (IRENA), June 2014 



 

 

2 
two to realize economic viability [6].  To realize reductions in CoE, efforts must focus on 

promoting the convergence of designs with a strong predicted power producing potential, 

while concurrently maturing supply chain logistics to reduce capital (CAPEX) and 

operating (OPEX) expenditures.  At present, advancement in power production of WEC 

devices is challenging today as WEC development resides within a divergent design 

space — numerous new WEC devices are regularly introduced proclaiming to represent 

the future in WEC technology diluting collective progress.  In recognition of this 

paramount need to reduce CoE, Weber [7,8] introduced the Technology Performance 

Level (TPL) versus Technology Readiness Level (TRL) matrix in Figure 1. 

 

Figure 1:  Technology Readiness Level versus Technology Performance Level Matrix [7] 

  The intent of the matrix is to persuade a WEC developer to follow a trajectory for 

which ideally TPL leads TRL (i.e. “Performance before Readiness” as observed in the 

green curve of Figure 1a).  This approach emphasizes early stage evaluation of WEC 

performance via numerical modeling and experimental testing of scaled prototypes to 

ensure performance levels are adequate for economic feasibility prior to investing in 

maturing a technology for manufacture.  Such a trajectory directly supports established 



 

 

3 
systems engineering methodologies to minimize the probability of major design changes 

late in a development program which will inherently undermine investment to generate 

an economy of scale [9].  Following this trajectory requires establishing the best possible 

TPL and the associated design constraints for achieving this maximum at an early stage 

of a WEC development program.  These design insights are invaluable at the early stages 

to define a performance metric to compare WEC configurations.  In Figure 1b, it is 

curious to note Weber’s observation from a selection of WEC programs represented by 

the blue dots, that WEC developers have a tendency to proceed along the opposite 

trajectory (i.e. “Readiness before Performance”) [7].  As a metric, TPL is defined as the 

ratio of currency per unit energy (e.g. $/kWh).  Based on this definition, a project may 

improve TPL by either reducing the CAPEX and OPEX cost and / or increasing the 

energy conversion efficiency.  This dissertation focuses on defining the conditions to 

improve TPL through increasing the energy conversion efficiency. 

1.2 Overview of the Ocean Wave Resource: 

A vast resource of renewable energy exists due to ocean surface waves generated by 

wind-wave interactions [10].  Characterizing this wave resource begins with measuring 

surface elevation discretely as a function of time, defining a time series record.  

Assuming the time series record can be approximated as a superposition of a set of linear 

monochromatic surface waves, one can then apply the Discrete Fourier Transform (DFT) 

to yield the amplitude and relative phase contributions of the individual monochromatic 

surface waves superimposed to approximate the original wave elevation record in the 

time domain.  Once these monochromatic wave components are determined, the data is 

typically represented as a histogram of the variance density spectrum, ( )S ω , of the 
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monochromatic surface wave components as a function of frequency, while the phase 

information is discarded.   This histogram data is then fit to the empirical Pierson-

Moskowitz (PM) spectrum [10] to further simplify the data representation.  Finally, over 

the course of a longer time period (e.g. one year) the number of instances for which the 

resource is represented by a particular PM spectrum is recorded, binned, and represented 

by a 2D histogram known as a power spectral density plot.  In this sense, the estimation 

of the wave resource fundamentally assumes a superposition of planar surface waves and 

thus, aligns well with frequency domain modelling of wave energy converter dynamics.  

Alternatively, wind generated spectral models such as Simulating Waves Nearshore 

(SWAN)2 can also be utilized to develop wave resource predictions and ultimately the 

free surface elevation profile.  However, the same fundamental assumption of a 

superposition of planar surface waves is also at the core of SWAN. 

 

Figure 2:  Example Spectral Representation of the Wave Energy Resource at a Geographical Site3 

1.3 WEC Classification 

WECs come in all shapes and sizes and are thus capable of harnessing energy from the 

wave resource using a multitude of methods [11].  This occurs as, in its most fundamental 

                                                 
2 SWAN website, https://www.tudelft.nl/en/ceg/about-faculty/departments/hydraulic-

engineering/sections/environmental-fluid-mechanics/research/swan/, Accessed 20181213 
3 Power spectral density plot obtained from, doi.org/10.1016/j.renene.2014.06.020 

https://www.tudelft.nl/en/ceg/about-faculty/departments/hydraulic-engineering/sections/environmental-fluid-mechanics/research/swan/
https://www.tudelft.nl/en/ceg/about-faculty/departments/hydraulic-engineering/sections/environmental-fluid-mechanics/research/swan/
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form, wave energy capture is the result of deconstructive interference between the 

incident and radiated wave fronts [12].  Therefore, any WEC device capable of realizing 

a deconstructive interference regime has the capacity to capture energy from a wave.  A 

WEC realizes this through its own oscillatory motion generated via wave excitation.  As 

a result, there is a wide diversity of devices capable of achieving this requirement and a 

classification scheme has been devised to define device classes based upon the operating 

principle of the WEC [1].  These classes include: 1) attenuators — elongated floating 

WEC with the dominant operating orientation parallel to the direction of the incident 

wave, 2) terminators — elongated floating WEC with the dominant operating orientation 

perpendicular to the direction of the incident wave, and 3) point absorber — WEC axis 

symmetric about a vertical axis and capable of accepting wave fronts from any direction.   

Although this classification scheme is based upon operating principle, many devices 

across these classes may be represented by the same topology.  For example, the bottom 

mounted surging flap (i.e. attenuator) and the Single Body Point Absorber (SBPA) (i.e 

point absorber) are ideally represented using the same topology (see Figure 3), but are 

based on a different dynamic representation (e.g. translation versus rotation). 
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Figure 3:  Example of Two4,5 WEC Configurations of Different Classes Represented by the Same 

Topology  

In both of these WECs the energy captured by the Power-Take Off (PTO) is 

maximized when resonance between the WEC and the hydrodynamic wave excitation 

force is achieved.  The application of the mechanical circuit framework introduced in this 

dissertation provides a methodical process to determine these resonant conditions in 

analytical form irrespective of WEC class, provided the goal of maximizing WEC power 

capture is achieved at resonance.  The resonant conditions are represented in analytical 

form as a constraint equation relating the various design parameters.  The analytical form 

is critical as WEC developers may calculate general parameters from the constraint 

equations without locking down the design.  In essence, adhering to the analytical 

constraint equations represent design insight to maximize power capture.  To ensure the 

constraint equations are satisfied, control systems must be implemented into a WEC 

                                                 
4CorPower™~https://www.renewableenergymagazine.com/ocean_energy/corpower-ocean-to-test-wave-
energy-converter-20160203, Accessed 2018-08-18 
5Oyster2™~http://www.renewableenergyfocus.com/view/9523/aquamarine-power-unveils-oyster-2-design/, 
Accessed 2018-08-18 

https://www.renewableenergymagazine.com/ocean_energy/corpower-ocean-to-test-wave-energy-converter-20160203
https://www.renewableenergymagazine.com/ocean_energy/corpower-ocean-to-test-wave-energy-converter-20160203
http://www.renewableenergyfocus.com/view/9523/aquamarine-power-unveils-oyster-2-design/


 

 

7 
device as discussed in Section 1.5.  For the context of this dissertation, devices classified 

as heaving point absorbers are only considered based on the availability of 

experimentally validated data at the University of Victoria [13] used for performing the 

ensuing analyses. 

1.4 Frequency Domain Modelling of WEC Dynamics 

Residing in a divergent design space, the challenge of an early stage WEC 

development program is an awareness of the complex relationships between the various 

WEC components and their influence on the WEC power capture performance.  

Analytical methods of modelling WEC dynamics are consistent with the needs of an 

early stage development process as they deliver families of analytical solutions relating 

the power capture to the various WEC design parameters; however, they fall short in 

terms of fidelity as they require a linear representation of the associated physics in order 

to permit representation in the frequency domain.  Alternatively, time domain models of 

the WEC dynamics, offer the ability to describe more accurately the non-linear physical 

effects in the time domain, but at the cost of evaluating the performance for a specific 

configuration only.  As an intermediary, non-linear frequency domain modelling 

approaches have recently been considered for modeling WEC devices demonstrating 

promising potential for assessing power production without the computational 

requirements of time domain models [14].  In recognition of the need to explore a wide 

possibility of WEC designs in a divergent design space, the convention in wave energy 

conversion is to initially build a frequency domain model. 

It is typical to represent the frequency domain dynamic equations of motion using 

phasor notation [12].  This convention is based upon a series of specific assumptions on 
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the underlying WEC system.  First, the WEC dynamics must be linear and represented 

using a lumped parameter model with Linear Time-Invariant (LTI) coefficients yielding 

an Ordinary Differential Equation (ODE) defining the motion of each body in the WEC 

at each excitation frequency considered.  Second, the WEC system must be experiencing 

a linear sinusoidal external excitation force.  Finally, the system must be asymptotically 

stable.  For such a system operating under steady-state conditions, the complete solution 

describing the ensuing motion of each body is approximated by the particular solution of 

the ODE, as the homogeneous solution will decay exponentially to zero in time.  The 

particular solution illustrates the steady-state oscillatory motion of each body at a single 

wave excitation frequency.  At each wave excitation frequency, each set of linear force 

inputs results in motion of the corresponding bodies at the same frequency.  Therefore, 

frequency domain analysis underpins the study of WEC dynamics for which the state 

variables are defined by each body’s amplitude and relative phase.  Such a problem is 

well-represented using complex phasors relating the forces in the system to the resulting 

body velocities through a transfer function known as the mechanical impedance.  The 

benefit of applying this phasor / impedance method is the amplitude and phase 

coefficients may be determined through mere algebraic manipulation rather than directly 

solving the system ODEs. 

1.4.1 Mechanical Impedance Representation of a Heaving Vibration System: 

The mechanical impedance ( )Z  is a complex number representing a frequency domain 

transfer function between a measured complex force amplitude ˆ( )F  and the measured 

difference in complex velocity amplitude 1 2ˆ ˆ( )u u−  as detailed in (1) [15]. 
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 1 2
ˆ ˆ ˆ( )F Z u u= −   (1) 

As a complex number, the impedance is constructed as a combination of a resistance 

and a reactance term detailed in (2) with: i) R  representing the mechanical resistance 

coefficient defining the energy dissipation due to mechanical viscous damping over a 

cycle; ii) X  representing the mechanical reactance coefficient defining the temporary 

energy storage over a cycle due to inertial effects.  These bulk quantities are represented 

by the four basic elements detailed below. 

 Z R iX= +   (2) 

In a mechanical vibration system subject to the conditions in Section 1.4, there exist 

four basic elements — masses, springs, dampers, and inerters [15,16] for which the 

mathematical representation of the mechanical impedance of the first three can be found 

in Bubbar et al. [17] (cf. Table 1), and the last in Bubbar and Buckham [18] (cf. Table 1) 

included in the Appendices.  As such, physical mechanical vibration systems that 

comprise these four basic elements may be topologically represented as an 

interconnection of these basic elements otherwise known as a mechanical circuit. 

Once a mechanical vibration system is represented as a mechanical circuit, parallel and 

series circuit transformations may be performed to simplify the circuit by combining the 

impedances of these basic interconnected elements into an effective single impedance 

element.  When comparing electrical and mechanical circuits, it is important to note that 

the through and across variable definitions are not analogous.  In electrical circuits, 

voltage is the potential variable and is represented as an “across” variable whereas 

current is represented as the “through” variable.  This contradicts with mechanical 
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circuits as force is the potential variable that is represented as a “through” variable and 

velocity is an “across” variable.  These details are summarized in Table I. 

Table I: Comparison of Through and Across Variable Representations for Electrical and Mechanical 

Circuits 

Domain: Across Variable: Through Variable: 
Electrical Voltage Current 

Mechanical Velocity Force 
 

This reciprocal relationship between the definitions of variables in each physical 

domain leads to a reciprocal relationship with the parallel and series equivalent 

impedance transformations in the mechanical domain as demonstrated in Figure 4 and 

expressed in equations (3) and (4). 

 

 

Figure 4:  Mechanical Circuit Representations of the Parallel and Series Equivalent Transformations 

 
1

1 1n

kS kZ Z=

=∑   (3) 
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1

n

P k
k

Z Z
=

=∑   (4) 

Equations governing the system dynamics may be generated through applying 

Kirchhoff’s conservation laws when considering topological orientation: 1) Node Law — 

sum of all forces into a velocity node is equal to zero, 2) Loop Law — sum of relative 

velocities across elements in a closed loop is zero (cf. Figure 10.20 [15]).  Finally, 

equivalent circuit transformations may be applied to a mechanical circuit at the insertion 

point of a mechanical load to transform the original circuit into an alternative equivalent 

circuit.  These circuits include Thévenin, Norton, T, and π  circuits [15], and for the 

context of this dissertation, the Thévenin equivalent circuit [19], represented as a force 

source in parallel with an intrinsic mechanical impedance and mechanical load, is applied 

to transform a complex WEC architecture into canonical form.  The reciprocal 

relationship between the through and across variables also leads to reciprocal 

representation of the circuit topologies for the Thévenin and Norton equivalent circuits.  

Figure 5 represents the process of generating a mechanical circuit for a: 1) Single Body 

Point Absorber (SBPA) at the top, and 2) Self-Reacting Point Absorber (SRPA) at the 

bottom. 
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Figure 5:  Pictorial Process of Generating a Mechanical Circuit from SBPA (top) and SRPA (bottom) 

WEC Architectures 

1.4.2 Overview of Linear Wave Hydrodynamics: 

One of the challenges in offshore ocean engineering is modelling the fluid interaction 

with large floating rigid bodies, as a complete non-linear hydrodynamic model requires 

heavy computational resources.  As such, a simplified model of the wave hydrodynamic 

forces is often employed based on the assumption of potential flow combined with a 

linearization of system boundary conditions [20,21].  When considering a monochromatic 

planar surface wave as an input, this simplification of the wave hydrodynamics problem 

is approximated as a superposition of individual hydrodynamic force components on each 

floating body evaluated under independent conditions.  These hydrodynamic components 

include the wave excitation force, the radiation force, the hydrostatic force, and the 



 

 

13 
linearized drag force.  The wave excitation force is decomposed into the diffraction and 

the Froude-Krylov (FK) forces.  The diffraction force is the force experienced on a body 

fixed in space at its mean position by an incident wave field when that incident wave 

field is scattered by the presence of that body.  The FK force on the other hand is 

determined under the same conditions except the body is transparent to the incident wave 

field (i.e. the FK force is the sum of the pressure field at the fluid-WEC interface in the 

absence of the WEC).  Both components of the excitation force are related to the 

amplitude and phase of the incident wave.  Next, the radiation forces are the result of 

water displacement in the vicinity of the moving bodies in the absence of an incident 

wave field.  The radiation forces are also decomposed into the radiation damping and 

added mass forces [21].  The radiation damping force is the reaction force due to the 

oscillatory motion of a body generating waves that propagate away from the body.  The 

added mass on the other hand is associated with oscillatory acceleration of water at the 

free surface in close proximity to the body, and results in an inertial force [22].  The 

hydrostatic force is the net force between gravity and the Archimedes buoyancy force.  

For bodies with a constant surface piercing area oscillating under the small amplitude 

approximation, the buoyancy force is linearly proportional to the instantaneous body 

displacement.  This proportionality constant is termed the buoyancy stiffness and is 

treated as a constant across the frequency spectrum.  The final hydrodynamic force 

considered is linearized drag.  Drag is typically described using the empirical Morison 

equation that assumes a quadratic relationship between the body and fluid velocity.  Such 

a representation violates the linear description of resistive damping required for a 

frequency domain model.  Accordingly, the drag force must be linearized to fit a viscous 
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damping representation [23].  The wave excitation and radiation forces are defined via 

state coefficients often obtained through the application of software tools that implement 

the panelized mesh-based Boundary Element Method (BEM).  Software tools 

implementing BEM include WAMIT6, and NEMOH7.  However, standard BEM codes 

do not determine the linearized drag coefficient.  The linearized drag coefficient can be 

obtained through applying system identification methods, which include impulse 

excitations on a physical model, or through application of mesh-based Computational 

Fluid Dynamics (CFD) simulations.  For the WECs under study in this dissertation, 

defined in Section 2.4, the linearized drag coefficient was determined by Beatty et al. 

using the former method and is assumed to be constant across the frequency spectrum 

[24].  One such system identification technique is the equivalent energy method for 

which the energy dissipated through a cycle of a non-linear viscous drag process is 

equated to the equivalent energy that would be dissipated via a linear resistive process 

over the same period.   

1.4.3 Other Forces in a WEC System: 

The remaining forces often considered in a WEC system, consist of reaction forces 

from mechanical machinery — including the PTO, moorings, and reactive force sources.  

The PTO is the device in a WEC responsible for converting the kinetic motion of the 

floating rigid bodies into a useful form for future consumption (e.g. electricity).  In the 

frequency domain, the PTO is often modelled as a tunable generic complex impedance 

element consisting of a resistance and reactance each with a separate role.  The PTO 

                                                 
6 https://www.wamit.com/, Accessed 2018-08-21. 
7 https://lheea.ec-nantes.fr/logiciels-et-brevets/nemoh-presentation-192863.kjsp, Accessed 2018-08-21. 

https://www.wamit.com/
https://lheea.ec-nantes.fr/logiciels-et-brevets/nemoh-presentation-192863.kjsp
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resistance is responsible for representing the reaction force for which the floating body 

does work against to capture useful power.  The PTO reactance represents the reaction 

force response of a temporary energy reservoir for the kinetic motion of the WEC, which 

alters the inertial dynamics of the WEC.  The role of tuning the PTO reactance is to 

invoke resonant conditions between the WEC bodies and the wave excitation force. 

The traditional role of the mooring is designed for station keeping, however active and 

reactive roles have been proposed in literature [25].  In general, mooring dynamics are a 

non-linear phenomena and modelling in the frequency domain requires the application of 

a linearization scheme.  In these schemes the linear mooring parameters are derived from 

non-linear time domain models which often introduce errors in the final predictions [25] 

and are thus frequently excluded from frequency domain analysis. 

The final element is the generic reactive force source often used by Korde [26–28] to 

represent a generalized inertial force response.  As will be shown in this dissertation via 

Article 2 (Appendix B) and Article 3 (Appendix C), the reactive force source can be used 

as a placeholder within the power capture analysis of a WEC system to identify design 

insight in the form of constraint equations, for the optimal design of a WEC subsystem. 

1.5 Controlling WEC Energy Conversion 

In Section 1.1, the discussion focused on the necessity for improving the power capture 

performance of WEC devices for realizing their economic viability.  A method to realize 

this performance improvement is to introduce control techniques into a WEC design that 

induce the conditions that maximize the power captured.  By choosing to model WEC 

devices in the frequency domain, the WEC is represented as a vibration system with 
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maximum power captured when the device is operating in resonance with the incoming 

wave excitation force.   

Identifying resonant conditions for WEC devices with simple topologies is relatively 

straightforward at the conceptual stage of development.  However, as topologies evolve 

in complexity to meet the demands of improving overall power capture, determining the 

resonant conditions for these complex WECs is inherently more difficult as discussed in 

Section 2.1.  If WEC developers do not consider how to implement energy maximizing 

control strategies into more complex WEC designs during the conceptual stage of a 

development program, the risk that a particular WEC design does not deliver sufficient 

power production and satisfy the requirements for economic viability is high.  Therefore, 

it is an important step in the conceptual design phase of a development program to 

identify both the: 1) power producing potential of a WEC, and 2) technical operating 

conditions for that WEC to achieve that potential.  It is a natural preliminary step to 

approach this problem in the frequency domain with the objective of this dissertation to 

present a methodology for which both of these steps can be achieved. 

1.6 Research Objectives: 

To summarize the premise of this chapter, it is clear that the power capture 

performance of WECs must improve.  WEC technology resides in a divergent design 

space, therefore to focus efforts on WEC devices with the largest power capture potential, 

WEC developers should invest resources to assess and mature TPL while a program is at 

low TRL.  Assessing TPL at low TRL is difficult.  This dissertation contends that at low 

TRL, there is a strong correlation of TPL with the analytical power capture upper bound.  

To assess the feasibility of approaching the upper bound, the conditions or analytical 
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constraint equations for invoking the upper bound should be determined to identify 

design insight.  Therefore, at low TRL a WEC developer may assess the feasibility of 

adhering to the constraint equations by exploring various technological solutions required 

to achieve the desired upper bound.  To successfully identify the power capture upper 

bound and the associated design insight, a formulaic method must be introduced.   

The objectives of this dissertation may be summarized as follows: 

1.6.1 Objective 1 (OBJ1) 
Identify a framework for which the analytical representation of the power capture 

upper bound of any WEC architecture may be determined. 

1.6.2 Objective 2 (OBJ2) 
Identify a method consistent with Newtonian dynamics to determine the conditions for 

which the power capture upper bound can be approached (i.e. design insight). 

1.6.3 Objective 3 (OBJ3) 
Validate the proposed method through verifying the analytical results against 

previously published work on point absorber WEC architectures.   

1.6.4 Objective 4 (OBJ4) 
Apply these analytical methods in a case study on a self-reacting point absorber with a 

geometry control feature set to extract design guidance. 

1.6.5 Objective 5 (OBJ5) 
Propose a new method for investigating new WEC innovations at the conceptual stage 

of the development process. 
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1.6.6 Objective 6 (OBJ6) 

Propose a new technology, the inerter, which is capable of implementing the design 

insight to approach the power capture upper bound. 

1.6.7 Objective 7 (OBJ7) 
Identify a method to generalize the analytical phase control conditions for resonant 

WECs. 

1.6.8 Objective 8 (OBJ8) 
Investigate new design functions within the WEC architectures considered in this 

dissertation, identified using the proposed analytical framework.  

1.7 Organization of this Dissertation 

This dissertation is presented in manuscript style and is based on three individual 

manuscripts specifying the research developments found in Appendices A, B, and C.  

Each of these manuscripts has been published or is currently under review at a relevant 

international journal focusing on renewable energy research.  The dissertation is 

organized to include: Chapter 1 — introduction to the ocean wave energy resource and 

WEC dynamics, Chapter 2 — review of the pertinent technical background relating to 

WEC control, and the identification of gaps in the research literature, Chapter 3 — 

detailed overview of the contributions of each manuscript in the appendices, and Chapter 

4 — presents opportunities for future work.  As a note, the detailed conclusions for each 

article listed in this dissertation are found in the individual articles reproduced in the 

Appendices.  A summary of the conclusions for each article are found at the end of 

Sections 3.1-3.3.
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2 Literature Review and Research Gaps 
To frame the contributions in Section 3, the motivation of this section is to present the 

pertinent literature on: 1) frequency domain control of WECs, 2) the established power 

capture upper bounds in wave energy conversion, 3) the identified gaps related to both 1) 

and 2) in the context of conceptual design of WECs.  This section concludes with a 

description of the WEC configurations used as case studies to validate the claims in this 

dissertation. 

2.1 Literature Review on Frequency Domain Control of WECs 

Section 1.1 stated that step reductions in the CoE from wave energy converters must be 

achieved for WEC technology to become economically viable [6].  It is well understood 

amongst the wave energy research community that the implementation of control 

technologies are vitally important for increasing the power capture capacity of a WEC 

device which can lead to a reduction in CoE [3,12,22,29–31].  This proposal is based on 

the premise that increasing the power capture performance requires inducing a resonant 

state between the motion of the WEC and the incoming excitation force.  This argument 

was verified by several researchers whom independently derived the conditions for 

optimal power capture for the SBPA architecture, demonstrating such a condition 

occurred at resonance [32–34].  This formulation of the power capture control problem 

for the heaving point absorber was based upon identifying the optimal frequency 

dependent complex body velocity amplitude of the SBPA, which occurs when the PTO 

resistance is set equal to the radiation damping coefficient of the WEC body as in 

equation (5), while the sum of the total reactance of the PTO and the remaining WEC is 

zero as in equation (6) [32]. 
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optPTO iR R=   (5) 

 0PTO iX X+ =   (6) 

Falnes recognized that equation (6) could be achieved if the PTO reactance was 

manipulated to satisfy equation (6) yielding equation (7).  With this choice of requiring 

the PTO reactance to follow the intrinsic reactance of the SBPA, the combination of 

equations (5) and (7) could be creatively represented as a single complex constraint 

equation in (8). 

 
optPTO iX X= −   (7) 

 *
optPTO iZ Z=   (8) 

Falnes interpreted equation (8) as a mechanical impedance matching problem 

analogous of the problem defined in electrical antenna theory [35].  In other words, the 

PTO was functionally responsible for injecting reactance into the WEC to invoke 

resonance.  Such a system configuration adhering to equation (8) is known as 

implementing optimal PTO force control.  This representation is only a specific case 

represented by equation (6), which generically stated that the combined PTO reactance 

and intrinsic reactance of the remaining WEC must equal zero.  This subtle difference has 

influenced WEC development to focus on PTO designs capable of invoking resonance in 

SBPAs [29,36–38].  

As implied above, WEC control is not limited to only PTO force control.  An 

alternative form of control is geometry control.  As defined by Price [39], a geometry 

controlled SBPA WEC, represented by the mechanical circuit in Figure 3, is a device 

which possesses the ability to change the intrinsic impedance, ( )iZ Λ ,  and / or wave 
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excitation force, ˆ ( )
ClampPTOF Λ  as a function of a geometric parameter ( )Λ .  As such, 

geometry control can be realized through the implementation of features that include 

inertial modulation and / or physical changes to hull geometry.  Based on this definition, 

a geometry controlled WEC could be utilized to invoke resonance through implementing 

equation (6) as in equation (9). 

 ( ) 0PTO iX X+ Λ =   (9) 

In the special case for which a resistive only PTO is considered (i.e. 0PTOX = ), 

equation (9) leads to equation (10) for which the geometric parameter is solely utilized to 

invoke resonance.  This control regime is known as optimal geometry control.  In 

essence, for an SBPA, resonance can be invoked by either implementing: 1) optimal PTO 

force control, 2) optimal geometry control, or 3) some combination of both.  For the 

special case of an SBPA in which the physical hull geometry remains constant, the 

theoretical power capture of all three cases will be the same.   

 ( ) { ( )} 0i iX m ZΛ = ℑ Λ =   (10) 

With more complex WEC architectures (e.g. SRPA with a geometry controlled spar), 

the choice of the WEC control strategy does influence the power capture potential.  

SRPAs are topologically represented as a PTO interfaced between two wave activated 

bodies.  As discussed in Section 1.4.1, determining the resonant conditions for the SRPA 

requires first applying Thévenin’s theorem to establish the canonical form followed by 

forming the impedance matching problem.   

There is a catch however.  Resonance is technically only defined for a single body 

system (i.e. SBPA). With a multibody system, such as the SRPA, an external sinusoidal 

force leads to a multibody response described via modal analysis.  As such, it is not clear 



 

 

22 
whether a resonant condition identified with impedance matching of the canonical form 

leads to a modal response for which power capture is maximized [2].  These conditions 

include a: 1) large relative motion between the SRPAs float and spar, and/or 2) large 

force transmitted through the PTO.  As such, although the equivalent resonant conditions 

on the canonical form may be analytically established for more complex WEC 

architectures, selecting the most appropriate condition requires exploring each condition 

independently for its influence on power capture.  As the complexity of WECs continues 

to grow, a formulaic method to establish these equivalent resonant conditions becomes 

more important. 

2.2 Overview of WEC Power Capture Upper Bounds 

To assess the analytical power capture potential of a WEC architecture it is prudent to 

present an overview of the existing bounds on power capture.  In wave energy there are 

two predominant upper bounds derived based on different assumptions often described 

as: 1) Radiation Pattern Upper Bound, and 2) Budal’s Upper Bound. Both bounds are 

described in the subsections below. 

2.2.1 Radiation Pattern Upper Bound 
In its most fundamental form, the wave energy conversion problem may be described 

in terms of a wave interference problem [33,34,40].  Since a planar surface wave is 

associated with a wave energy transport ( )J , conservation of energy dictates that the goal 

of a WEC is to generate a wave that deconstructively interferes with the incident wave 

such that energy in the wave resource is transferred to the WEC resulting in kinetic 

motion of the WEC [12].  For WECs in the point absorber class, the maximum power 

capture (per metre of wave front) due to deconstructive interference between the WEC’s 
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radiated pattern and the incident plane wave is expressed by equation (11), where λ  is 

the wavelength of the incoming incident wave in metres, and α  is an integer selected 

based on the WEC’s radiation pattern as generated by a particular source type: 1α =  for a 

monopole source, and 2α =  for a dipole source. 

 
2aP J λα
π

 =  
 

  (11) 

It is clear such an argument is based purely on wave mechanics and does not consider 

the dynamic response of the absorber to an excitation force.  Although this expression 

serves to define upper bounds on the power capture capacity of a point absorber WEC, it 

is difficult to extract further guidance on how to design a WEC to approach the bound. 

2.2.2 Budal’s Upper Bound 
An alternative upper bound was derived by Budal by considering volume stroke 

limitations of a WEC [41].  Beginning with a heaving SBPA WEC, Budal recognized 

such a device could maximize its power capture if the device was first operating under 

optimal phase control, hence enforcing equation (6).  To further improve the power 

capture response of the SBPA WEC, Budal proposed maximizing the wave excitation 

force through enforcing the small body approximation to minimize the subtractive 

diffraction force, requiring the body cross section dimension to be significantly smaller 

than the wavelength of the incident wave.  The final assumption was that the WEC was 

operating at its defined travel stroke limitation.  In applying all of these conditions and 

assumptions, Budal’s upper bound is defined as equation (12) [42]8 with , , ,g A Tρ  

                                                 
8 A mistake was identified in Falnes equation (A.6).  The denominator should be 332π  as in equation (12). 
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representing the density of water, the gravitational constant, the amplitude of the 

incoming wave field, and the period of the incoming wave field respectively. 

 
3 2 3

332b
g A TP ρ
π

=   (12) 

To illustrate both upper bounds, an example plot of both the Radiation Pattern Upper 

Bound in red, Budal’s Upper Bound in green, and a heaving sphere SBPA operating 

under complex-conjugate control in black is presented in Figure 6 [43].  Once again, it is 

difficult to design an SBPA, let alone a more complex WEC architecture, to approach 

these upper bounds based on the definitions of these limits. 

 

Figure 6:  Example of WEC Power Capture Upper Bounds on a Spherical SBPA:  

Radiation (red), Budal (green), SBPA Operating Under Optimal Phase Control (black) [43] 

2.3 Fundamental Research Gaps in Wave Energy Conversion 

As detailed in Section 1, financial investments in designing and developing WEC 

devices must be derisked.  To lower the development risk, a critical mass of developers 

must converge on promising architectures for rapid maturation.  To identify promising 

architectures at an early stage of a development program, an analytical methodology to 

evaluate the power capture bound of an architecture based on dynamic response is 
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required.  In the absence of such a method, there exist challenges detailed in the 

following subsections. 

2.3.1 Challenges with WEC Power Capture Limits 
As specified in Section 2.2.1, the Radiation Pattern Upper Bound is derived based 

purely on a wave mechanics argument assuming deconstructive interference between the 

incoming and the outgoing radiated wave fields and thus, does not consider the device 

design whatsoever.  Although the bound is consistent with the conservation of energy and 

presents developers with an absolute reference for comparing the performance of their 

designs against, it fails to provide guidance on specifically how to improve a WEC 

design to yield enhanced power capture.  With the advent of more complex WEC 

architectures, the Radiation Pattern Upper Bound is still valid provided that the complex 

WEC architectures may be represented in canonical form. 

In contrast, Budal’s Upper Bound specified in Section 2.2.2, is based upon a series of 

cascaded assumptions.  This first considers the dynamic response of a heaving SBPA 

WEC, while the subsequent assumptions do not.  As such, these cascaded assumptions 

are likely to violate one another and are thus difficult to apply in the design of a WEC 

device.  In addition, the assumption, which maximizes the excitation force in Budal’s 

Upper Bound, assumes an SBPA architecture and has yet to be reconciled for more 

complex architectures in the point absorber class.  For example, Beatty et al. [24] 

proposed an extension to Budal’s Upper Bound for the SRPA architecture by defining a 

relative excitation force term, but later retracted the argument in his dissertation [40]. 

When comparing the two bounds, it is clear that neither the Radiation Pattern Upper 

Bound in equation (11), nor Budal’s Upper Bound in equation (12) contain any reference 
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to physical specifications of the WEC design, and thus do not supply guidance on how 

physical specification must be set to approach the bounds.  In the absence of such a 

reference, a WEC designer must resort to trial and error methods, and is essentially 

designing blind.  Finally, when comparing the assumptions that underpin both the 

Radiation Pattern Upper Bound with Budal’s Upper Bound, it is clear they violate one 

another on a fundamental level [2], as the former requires a radiated wave to be generated 

by the WEC, while the latter assumes there is no wave radiation whatsoever.  Even the 

point of intersection between the Radiation Patter and Budal’s upper bound does not 

serve any direct significance as the underling conditions between each bound cannot be 

satisfied at this point. 

2.3.2 Challenges of Deriving Analytical Power Capture Limits for Complex WEC 
Architectures 

The complexity of WEC topologies continues to grow in the pursuit of further 

improvement in the overall power capture.  This increased complexity requires the 

optimal selection of additional design parameters required to implement the more 

complex design features.  These features include the implementation of both optimal 

PTO force control and optimal geometry control.  The additional design parameters 

associated with these features lead to a more complex representation of the analytical 

power optimization problem yielding challenges. 

For example, Korde introduced a complex point absorber WEC architecture as an 

SRPA with a reactive PTO and a geometry controlled force compensator [26].  In 

formulating the dynamic equations governing Korde’s WEC, the analytical optimization 

problem required the selection of both the optimal PTO force parameters as well as the 

impedance of the force compensator to maximize the power capture.  To set up such a 
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multivariate analytical optimization problem, Korde formed an analytical constrained 

optimization problem with the governing dynamic equations of motion representing the 

constraint equations.  In this formulation, solving for the conditions leading to optimal 

power capture required Korde to make a choice, setting the velocity of the compensated 

platform to zero, in order to proceed with the derivation.  As demonstrated in Section 3.1, 

the enforcement of this constraint was unnecessary and led to the illusion of a single 

setting for the force compensator reactance to achieve the power capture bound when in 

fact there is an infinity of choices [17]. 

This example demonstrates the difficulty of analytically solving for the optimal power 

capture conditions of complex WEC architectures and the need for a formulaic method.  

The method presented in this dissertation is based on the seminal works of Falnes’ 

impedance matching approach [12,44], but extended to include more complex WEC 

architectures with both PTO force control and geometry control features sets.  As a 

reference, Figure 7 describes the formulaic methods of establishing the power capture 

upper bound for complex WEC architectures presented in this dissertation as a flow chart.  

The branches associated with ⓐ and ⓑ represent the choices of enforcing the master-

slave relationship by enabling the PTO force control modes of complex-conjugate control 

and amplitude control respectively. 
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Figure 7:  Flow Chart of the Formulaic Methods to Determine the Analytical Power Capture Limits 

Presented in this Dissertation with kΛ  Representing the thk  Geometry Parameter.  Branches ⓐ and ⓑ 

represent the choices of enforcing the master-slave relationship by enabling complex-conjugate and 

amplitude control respectively via the PTO. 

 

2.4 Overview of the Configurations Considered in this Dissertation 

The methods presented in this dissertation to derive the maximum power capture 

conditions are generic and applicable to any WEC for which power capture is maximized 

when the canonical form representation of that WEC is in resonance.  To validate the 

proposed methods and the accompanied equations, a choice was made to consider only 

SRPA heaving point absorbers as data for this configuration: 1) was available within my 

research group, and 2) had been published [24] and thus scrutinized via the peer review 

process. 
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To facilitate this process of outlining the case studies in this dissertation, a hierarchy is 

defined to categorize WEC designs comprising configuration, architecture, and class.  A 

configuration is a design defined by a set of physical parameters governing the system 

characteristics (e.g. OPT Powerbuoy™).  An architecture is the set of configurations that 

share the same device topology (e.g. SRPAs).  A class is the set of architectures, which 

operate on the same physical principle (e.g. point absorbers).  It is clear that a detailed 

performance analysis can only be performed on a configuration, however analytical 

equations defining optimal performance conditions can be derived at the architecture 

level.  For example, Falnes’ impedance matching criteria in equation (8) is an analytical 

constraint equation, which holds for all SBPAs regardless of the specific configuration, 

and is therefore derived at the architecture level. 

Table II below establishes all of the configurations considered in this dissertation, 

classified by the article for which they appear. The configurations are linked back to an 

architecture for which the optimal equations were derived, along with a reference to a 

visual schematic of the architecture.  For ease of reference, Figure 8 is a representation of 

both the Derived SRPA WEC Architecture and the Original SRPA WEC Architecture 

originally published in [18], and Arch1, Arch2, and Arch3 originally detailed in Article 

39 currently under review respectively.  It is important to note that the Original SRPA 

WEC Architecture and Arch1 represent the same architecture, and that the Derived SRPA 

WEC Architecture can be derived from Arch3. 

  

                                                 
9 K. Bubbar, B. Buckham, On establishing generalized analytical phase control conditions in self-reacting point 

absorber wave energy converters, Renewable Energy. (2018); Under Review. 
 

Manuscript is found in Appendix C. 
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Figure 8:  Mechanical schematics for the: 

a) Derived SRPA WEC Architecture, b) Original SRPA WEC Architecture [18] 

 

 

Figure 9:  Mechanical schematics for architectures: 

a) Arch1, b) Arch2, and c) Arch310 

To ensure equitable comparisons were conducted, the same hydrodynamic parameter 

set was applied verbatim to all configurations in this dissertation originating from Beatty 

et al. [24].  For the Derived SRPA WEC Configuration, Config3, and Config4, the mass 

of the original spar published by Beatty et al. [24] was equally divided between the spar 

                                                 
10 Figure 2 from K. Bubbar, B. Buckham, On establishing generalized analytical phase 
control conditions in self-reacting point absorber wave energy converters, Renewable 
Energy. (2018); Submitted. 
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in these configurations and the internal reaction mass such that the mass of these 

configurations remained consistent with Beatty et al.’s original parameter definitions.  

Specific details of the hydrodynamic and inertial data used the build these configurations 

are found in both [13,24] and [17,18]. 

 
Table II:  Definitions of Configurations Used as Case Studies in this Dissertation 

Article 
#: Configuration: Architecture: Schematic: 

1 N/A Falnes’ SRPA Figure 1b 
1 N/A SRPA + PTO Friction Figure 1b 
1 N/A Korde’s WEC Figure 1c 

2 Original SRPA WEC 
Configuration 

Original SRPA WEC 
Architecture Figure 3b 

2 Derived SRPA WEC 
Configuration 

Derived SRPA WEC 
Architecture Figure 3a 

3 Config1 Arch1 Figure 2a 
3 Config2 Arch2 Figure 2b 
3 Config3 Arch3 Figure 2c 
3 Config4 Arch3 Figure 2c 
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3 Overview of Contributions 
The motivation of the following section is to articulate each of the major contributions 

included in this dissertation organized by manuscript.  Each subsequent subsection 

represents an overview of a manuscript and will briefly detail the research challenge 

encountered in that work followed by a summary of the contributions identified with the 

header CONT.  The full manuscripts are included in Appendices A through C.  A matrix 

mapping the contributions detailed in Sections 3.1-3.3 to the objectives listed in Section 

1.6 can be found in Section 3.4 below. 

3.1 Article 1 — A method to compare wave energy converter devices 
based on potential power capture11 

The wave energy converter design space has been characterized as divergent resulting 

in a dispersion of resources slowing collective progress12 [7,8,45].  The standard method 

for assessing WEC design performance requires specifying the device configuration, 

which inherently locks down the design.  To facilitate the transition to a convergent 

design space, a technique capable of assessing the power capture potential of any WEC 

architecture at an analytical level is recommended by this work during the conceptual 

stage of a design program.  The motivation of this article is to propose this technique, 

through building on the foundational mechanical impedance matching technique 

introduced into the wave energy community by Falnes [12].  The proposed method is 

based upon the hypothesis that maximizing power capture necessitates the selection of 

both the optimal geometric and PTO force parameters.  Once the power capture upper 
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bound is analytically determined for a WEC architecture, a WEC designer possesses a 

basis for establishing TPL at the conceptual stage of their development program.  

A summary of the main contributions of this work follows: 

3.1.1 Contribution 1 (CONT1) 
Introduction of the mechanical circuit framework for extending the mechanical 

impedance matching technique originally introduced by Falnes [12] for WEC 

architectures of arbitrary complexity.   

The mechanical circuit framework presents a formulaic method to invoke 

Thévenin’s theorem to represent a complex WEC architecture as a 

phenomenological single body WEC or canonical form.  Once in canonical 

form, Falnes’ impedance matching criteria is exercised to guarantee device 

resonance with the incoming wave excitation force independent of the device 

geometry. 

3.1.2 Contribution 2 (CONT2) 
Introduction of the master-slave relationship describing the relationship between the 

optimal geometry and PTO force parameters for achieving the power capture upper 

bound.   

The premise of this contribution is based on the notion that resonance between 

the WEC device and the incoming wave excitation force is only a sufficient 

condition for achieving the power capture upper bound.  An equally important 

factor is the selection of the optimal WEC geometry.  This work proposes the 

dependent master-slave relationship of the PTO force response (slave) on the 

WEC geometry (master).  As such, to optimize the WEC system for power 
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capture, the WEC geometry must be optimized subject to enforcing device 

resonance via the master-slave relationship.  This is a critical point for WEC 

developers seeking to discover an optimal design. 

3.1.3 Contribution 3 (CONT3) 
Proposed the phenomenological single body equivalent WEC, originally introduced by 

Falnes [44], as a canonical form (i.e. the simplest topology any WEC device may be 

represented by). 

The WEC canonical form is obtained through applying the Thévenin equivalent 

circuit transformation on a complex WEC architecture resulting in an 

equivalent single body WEC architecture.  Once the complex WEC architecture 

is represented in canonical form, apples to apples comparisons can be 

performed at the architectural level instead of the configuration level where 

design parameters must be specified. 

3.1.4 Contribution 4 (CONT4) 
A parallel representation of the mechanical circuit topology for the Thévenin 

equivalent phenomenological single body WEC architecture (i.e. canonical form) is 

proposed, which is in contrast to the series representation currently published in literature 

[3,21,22,46].   

The proposed parallel representation is justified through applying accepted 

conservation principles [15] to the parallel circuit representation to rederive the 

governing equations of dynamic motion accepted by the wave energy 

community describing the conditions for optimal power capture. 
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3.1.5 Contribution 5 (CONT5) 

Successfully applied the mechanical circuit framework to a case study of three different 

WEC architectures of increasing complexity. 

In these case studies each WEC architecture was represented by a mechanical 

circuit followed by application of Thévenin’s theorem to transform the complex 

architecture into canonical form.  Once in canonical form the master-slave 

relationship was enforced leading to the power capture upper bound. 

These WEC architectures included: 1) rederiving Falnes’ analytical optimal 

power capture solutions to the SRPA architecture [44] and thus validating the 

mechanical circuit technique, 2) introducing linearized viscous damping into 

the PTO model of the SRPA architecture and demonstrating a counterintuitive 

result for which the PTO resistance must increase in unison of the viscous 

damping to ensure maximum power capture, and 3) deriving the generalized 

analytical optimal power capture solution to a complex point absorber 

introduced by Korde [26] and demonstrating new operational insight into this 

device — the reactive force compensator does not serve the WEC power 

capture as originally claimed by Korde [26,28]. 

The results of this study provide a formulaic method for the wave energy research 

community to establish the power capture upper bound for any WEC architecture along 

with the associated design insights (i.e. constraint equations) for approaching the bound.  

This work also establishes the importance of transforming a complex WEC architecture 

into the canonical form for enforcing resonant power capture conditions. 
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3.2 Article 2 — On establishing an analytical power capture limit for self-

reacting point absorber wave energy converters based on dynamic 
response13 

Having proposed a method for determining the analytical power capture upper bound 

for any WEC architecture in Article 1 of Section 3.1, attention is now placed on 

demonstrating this method by deriving this bound for a specific WEC architecture with a 

geometry controlled inertial modulation feature set.   

It has been established that ocean wave energy conversion has yet to achieve economic 

viability when compared against alternative renewable sources such as solar 

photovoltaics or wind energy [7].  For wave energy to realize economic viability, the 

Cost of Energy (CoE) must be reduced by a factor of two.  Such a drastic reduction 

cannot be realized solely from economics of scale and optimization of supply chain 

logistics.  WEC device designs must be discovered that are capable of extracting more 

energy from ocean waves.  To facilitate this process of discovery and ultimately design 

convergence, Weber introduced the Technology Performance Level (TPL) metric and 

emphasized its assessment early in a WEC development program to identify technologies 

with a strong predicted performance once in their commercial state.  However, a robust 

assessment of TPL is challenging to determine at an early stage of a WEC development 

program.  One method to define TPL at the conceptual stage is to assume a direct 

relationship of TPL with the “hydrodynamic wave power absorption” [8] potential of a 

WEC device.  In doing so, the best possible TPL for a given WEC device is related to the 

power capture upper bound of that architecture.  Such a TPL assessment is relative to the 

specific device configuration.  To promote design convergence, an absolute analytical 
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expression defining the power capture upper bound is preferred to facilitate comparisons 

of TPL across all configurations within an architecture.  Such a process has been 

proposed in Article 1 [17] and the motivation of this article is to demonstrate this process 

using a SRPA WEC architecture with a variable inertial modulated spar in a case study.  

This case study targets establishing the power capture upper bound and the associated 

design insight required to achieve the upper bound, as well as implementing the design 

insight to formally introduce a new technology (i.e. the inerter) into the wave energy 

community. 

A summary of the main contributions of this work follows: 

3.2.1 Contribution 6 (CONT6) 
Development and analysis of a frequency domain mathematical model using the 

mechanical circuit framework for the Derived SRPA WEC Architecture with an inertial 

modulation mechanism implemented internal to the spar.  

Upon proposing a mechanical circuit consistent with the Derived SRPA WEC 

Architecture, Thévenin’s theorem is applied to determine the canonical form.  

Once in canonical form Falnes’ mechanical impedance matching technique is 

applied to invoke complex-conjugate PTO force control resulting in a resonant 

state of the WEC at each frequency of the incoming wave excitation force.  The 

relevance of this contribution to the wave energy community is the 

demonstration that Falnes’ impedance matching criteria may be invoked at the 

analytical level for more complex WEC architectures through applying the 

formulaic mechanical circuit framework.  To my knowledge, this is the first 
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instance of an analytical model built for this complex WEC architecture using 

the mechanical circuit framework. 

3.2.2 Contribution 7 (CONT7) 
Proposed an analytical equation describing the power capture upper bound for the 

Derived SRPA WEC Architecture based on optimizing the geometric control variable 

(i.e. force source impedance).   

The analytical upper bound is physically interpreted as the maximum power 

captured by the Derived SRPA WEC Architecture is equivalent to two single 

body point absorbers composed of the float and spar respectively, each 

independently operating under complex-conjugate PTO force control.  WEC 

developers with devices based on this architecture may evaluate the power 

capture potential of their device by applying their design parameters into this 

equation.  Such a calculation provides an absolute reference for WEC 

developers to compare their device performance.  I believe this article to be the 

first to introduce this power capture upper bound. 

3.2.3 Contribution 8 (CONT8) 
Proposed an analytical constraint equation (i.e. design insight) relating the physical 

characteristics of various components in the Derived SRPA WEC Architecture, which 

must be enforced to achieve the power capture upper bound.   

WEC developers with devices based on this architecture may use this constraint 

equation to evaluate the feasibility of implementing this design insight into their 

designs for optimizing the power capture potential of their device.  I believe this 
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article is the first to introduce this analytical constraint for achieving the power 

capture upper bound. 

3.2.4 Contribution 9 (CONT9) 
Mathematically established the inertial modulation regime proposed in this work has 

both the capability to decrease or increase the equivalent mass of the spar through 

intelligently modulating the force source reactance without requiring the removal or 

addition of physical mass. 

This proof demonstrates the importance of inertial modulation schemes in the 

design of a geometry controlled SRPA WEC as an alternative to dynamic fluid 

ballasting technologies, which is energy intensive to pump fluid in/out of the 

spar tank, and changes the mean water level reference of the WEC. 

3.2.5 Contribution 10 (CONT10) 
Executed a numerical case study using hydrodynamics and inertial data from a 

previously published 1:25 scale model of a WaveBOB™ style SRPA [24] and validated 

the analytical equations proposed in this dissertation. 

Analysis of the data (cf. Figure 8 [18]) demonstrates that the analytical 

expression of the power capture upper bound proposed in this work, along with 

the design insight in the form of a constraint equation is consistent with the 

numerical results generated using the hydrodynamics and inertial parameters 

from the SRPA configuration considered in this analysis (i.e. eq.(24) is 

consistent with eq.(3) with eq.(35) enforced [18]).  Qualitative comparisons of 

the power capture upper bound against the capture width theoretical limit also 

exhibit consistency. 
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3.2.6 Contribution 11 (CONT11) 

Demonstrated through numerical analysis that a significant power capture potential can 

still be realized even when enforcing displacement travel limits on the relative float to 

spar motion through modulating the PTO resistance.   

Although the power capture is significantly reduced when enforcing relative 

travel constraints, there is still a ten fold of power capture improvement 

observed in the numerical results over the baseline Original SRPA WEC 

Configuration at low wave excitation frequency.  This power capture benefit 

should encourage WEC developers with devices based on this complex SRPA 

architecture to consider the control scheme proposed in this work. 

3.2.7 Contribution 12 (CONT12) 
Formally introduced inerters into the wave energy community as a geometry 

controllable technology capable of implementing the inertial modulation scheme 

proposed in this work.   

A feasible design configuration for an inerter subsystem capable of 

implementing optimal inertial modulation was proposed based on utilizing the 

design insight constraint equations derived in this work leading to achieving the 

power capture upper bound.  Inerters are a proven technology having 

demonstrated significant performance improvements in the design of vehicle 

suspensions [47].  WEC developers should be exploring their use to widen the 

narrow bandwidth of operation of point absorbers. 
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3.2.8 Contribution 13 (CONT13) 

Demonstrated that a significant power capture potential is still to be attained through 

implementing the design insights introduced in this work in comparison to data obtained 

from an existing SRPA WEC configuration published in literature. 

Experimental power capture data from the Original SRPA WEC Configuration 

operating under optimal amplitude control was qualitatively compared against 

numerical data generated from the Derived SRPA WEC Configuration 

operating at the upper bound demonstrating the potential for significant power 

capture improvement. 

3.2.9 Contribution 14 (CONT14) 
Proposed an analytical constraint equation (i.e. design insight) which eliminates 

relative travel between the float and spar and thus results in a null power capture scenario 

implemented entirely through geometry control.   

Ocean waves are a harsh environmental resource with the potential to damage 

SRPA devices when operating in storm conditions.  As such, for WEC 

technology to gain market acceptance devices must be designed to survive 

storm conditions.  This work introduces one such method for WEC developers 

to consider.  I believe this article is the first to introduce this analytical 

constraint for achieving the null power capture condition while the PTO 

remains fully engaged in complex-conjugate control mode. 

The results of this study not only introduce the successful application of the mechanical 

circuit framework to establish an analytical power capture upper bound for the Derived 

SRPA WEC Architecture, but numerically demonstrate using hydrodynamic parameters 

from a previously published physical SRPA model, how the upper bound can be achieved 
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through the appropriate application of inerter technology.  The goal of this work is to 

encourage WEC developers to evaluate both the power capture upper bound and the 

associated design insights for their architectures to explore both economic and design 

feasibility prior to locking into a design configuration and investing resources on 

computationally expensive non-linear time domain models and physical model testing. 

3.3 Article 3 — On establishing generalized analytical phase control 
conditions in self-reacting point absorber wave energy converters14 

For wave energy conversion to be an economical source of renewable energy, it is 

understood that step gains in power capture performance must be achieved [6].  However, 

increasing the power capture of a WEC device is often associated with increasing the 

device complexity.  Article 2 in Section 3.2 demonstrated that the hydrodynamic power 

capture potential (i.e. the upper bound) of a WEC architecture can theoretically be 

achieved through simultaneous implementation of optimal geometry and optimal PTO 

force control via the master-slave relationship [17].  However, designing a WEC capable 

of approaching the upper bound may be prohibitive from both a design complexity and 

economical point of view.  As such, there exists a balance between device power capture 

and design complexity.  The goal of this work is to explore this complex balance.  It is 

important to recognize that invoking resonance at each wave excitation frequency is a 

prerequisite to achieving the power capture upper bound [18].  As such, for an SBPA 

WEC with a given constant device geometry, the power capture is maximized when that 

device operates in resonance with the incoming wave excitation force.  To achieve the 

objective of capturing more power from the wave resource, it is clear that invoking 
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resonance is an important target for WEC design.  This, however, yields the important 

questions:  1) What WEC topology would best serve our goal of maximizing power 

capture? 2) How should resonance be invoked?  For the SBPA WEC architecture the 

former question is straightforward as there is only a single topological variant, however 

for more topologically complex WEC architectures such as the SRPA with multiple 

variants, the answer to this question is not clear.   

Further complicating the argument, the concept of resonance is well defined for the 

heaving SBPA WEC architecture but not for more complex WEC architectures such as 

the SRPA.  To bridge this gap Falnes [44] introduced and Bubbar et al. [17] later 

extended, the application of Thévenin’s theorem to transform a complex WEC 

architecture into an equivalent SBPA (i.e. the canonical form).  Once in canonical form, 

resonant conditions are then enforced.  However, there is a catch.  In transforming the 

complex WEC architecture into canonical form, parameters specific to the canonical form 

(i.e. the intrinsic impedance and equivalent excitation force) are now complicated 

functions of the physical parameters of the original complex WEC architecture.  Hence, 

depending on the topology of the complex WEC architecture, there may exist multiple 

conditions for invoking resonance across the frequency spectrum, each with differing 

power capture characteristics.   

In search for the required step gain in power capture potential, WEC developers are 

introducing more complex WEC designs to harness more of the available resource.  

There is, therefore, an acute need for a systematic method to both identify the analytical 

condition(s) for invoking resonance in complex WEC architectures, as well as exploring 

the conceptual design associated with the resonant states to determine which should be 
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pursued further for potential commercial development.  To fulfill this core need, the basis 

of this article is to introduce this process of identifying the analytical conditions for 

invoking resonance in the canonical form followed by implementing the process on an 

SRPA WEC configuration with an inertial modulation mechanism to explore the various 

topological variants and their resonance states in terms of power capture. 

Through this work, I demonstrate how to generalize a geometry controlled feature set 

at the analytical level using a reactive force source.  Design parameters are incorporated 

into this generalized representation, with numerical results detailing a target reactance 

profile used to propose a subsystem design incorporating an inerter device.  In this work, 

the standard convention of implementing phase control via a reactive PTO is challenged 

in the SRPA architecture through a case study comparing the power capture potential of 

alternative topologies.  The results of this study lead to proposing a preferred architecture 

for which the PTO is chosen to be a solely resistive device with the single function of 

capturing energy from the WEC, while the reactive geometry control feature set is 

implemented in the WEC spar.   

A summary of the main contributions of this work follows: 

3.3.1 Contribution 15 (CONT15) 
Proposed a method to invoke resonance across the frequency spectrum based upon 

extending work previously published by Falnes.   

Falnes published an analytical constraint equation relating the intrinsic 

reactance of the canonical form to the natural frequency of the vibration system 

[12].  In this work, I propose that Falnes’ constraint equation may be used to 

invoke resonance across the wave excitation frequency spectrum if a system 
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topology is selected for which a geometry control feature set capable of 

injecting a reactive force defined outside of the PTO boundary with the function 

of implementing the constraint equation.  This method is generic and thus, all 

WEC development programs could implement the proposed method to 

determine the resonant conditions for their WEC devices at the conceptual 

design stage.  

3.3.2 Contribution 16 (CONT16) 
Successfully applied the proposed method on three different complex SRPA WEC 

architectures and identified analytical constraint equations for invoking resonance on 

each architecture.   

This method first involves representing all three complex SRPA WEC 

architectures as mechanical circuits followed by systematically applying 

Thévenin’s theorem to each architecture to determine their respective canonical 

form.  Once in canonical form, Falnes constraint equation is enforced to 

identify the conditions on the geometric parameter (i.e. force source reactance) 

to invoke resonance of the respective complex SRPA WEC architecture.  As 

these equations are generic in nature, any WEC development program 

represented by the complex SRPA WEC architecture proposed in this work 

could substitute design parameters into these equations to identify the optimal 

force source reactance to invoke the resonant conditions. 
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3.3.3 Contribution 17 (CONT17) 

Executed a numerical case study using hydrodynamics and inertial data from a 

previously published 1:25 scale model of a WaveBOB™ style SRPA [24] to validate our 

analytical equations.   

Analysis of the data demonstrates: a) invoking the analytical constraint 

equations results in all the complex SRPA WEC configurations operating under 

resonant conditions based on their respective topology; b) the power capture 

performance varies significantly depending on the topology of the architecture 

and; c) Config5 based on Arch3, with a reactively tunable spar, exhibits a 

combination of a favourable power capture frequency response, along with a 

small float to spar relative displacement, rendering it the superior configuration. 

3.3.4 Contribution 18 (CONT18) 
Demonstrated how the mechanical circuit framework can be used to support 

technology innovation.   

In representing the topology of Arch3 via mechanical circuit, the geometry 

control parameter was intentionally signified as a generic force source reactance 

term interfaced between the spar and ground.  This choice of avoiding a 

physical embodiment for the force source allowed for a generic mathematical 

representation of the optimal force source reactance to invoke resonance.  

Innovative subsystem designs are then proposed which, through substitution for 

the force source reactance with a feasible topology of linear mechanical 

components, implement the constraint equation.  Several possible subsystems 

are proposed in this work, however an inertial modulation mechanism utilizing 

a reaction mass and semi-active inerter is chosen for further analysis.  Using 
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feasible design parameters for the inertial modulation mechanism, it is 

demonstrated that resonant conditions can be implemented for the majority of 

the wave excitation frequency band. 

3.3.5 Contribution 19 (CONT19) 
Demonstrated through comparison of numerical data from this work with previously 

published experimental data from the same WEC configuration, that a vast improvement 

in power capture potential is possible while implementing the resonant control method 

introduced in Arch3.   

Although the resonant control method introduced in Arch3 yields an order of a 

magnitude lower power capture then the upper bound published by Bubbar and 

Buckham [18], the control strategy is less complex and presumably less costly 

to develop.  This result suggests that WEC developers should evaluate both the 

control schemes introduced in Article 2 and Article 3 to determine which power 

capture to design complexity is best suited for their development program. 

The results of this study introduce a technique for WEC developers to explore 

alternative methods to implement resonant control at the conceptual stage of a WEC 

development program.  In addition, through utilizing generic force sources in conjunction 

with the mechanical circuit framework, this work has introduced a new method to expose 

new technology innovations through establishing technical requirements on the force 

sources that must be replaced by some combination of mechanical components.  The 

outcome of this work demonstrates how WEC topology selection has a strong influence 

on power capture potential, encouraging WEC developers to evaluate all the topological 
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variants for resonant control at the conceptual design stage prior to investing resources on 

computationally expensive non-linear time domain models and physical model testing. 

3.4 Mapping Objectives to Contributions 
The following section highlights the relationships of the contributions (CONT) 

introduced in Section 3 to the research objectives (OBJ) identified in Section 1.6. 

Table III:  Linkages between Objectives (OBJ) and Contributions (CONT) 

 OBJ1 OBJ2 OBJ3 OBJ4 OBJ5 OBJ6 OBJ7 OBJ8 
CONT1 X X       
CONT2 X X       
CONT3 X X       
CONT4 X        
CONT5   X X     
CONT6         
CONT7 X X X      
CONT8  X  X     
CONT9    X X    
CONT10    X     
CONT11    X     
CONT12    X X X   
CONT13    X     
CONT14        X 
CONT15       X  
CONT16   X X   X  
CONT17    X   X  
CONT18     X X   
CONT19   X      
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4 Limitations and Future Work: 
Through application of the mechanical circuit framework, this dissertation has 

introduced a new method of determining the analytical power capture upper bound of a 

wave energy converter for WEC architectures.  Despite the utility of the proposed 

method, there exists limitations detailed in Section 4.1.  Moreover, this process has 

surfaced several interesting questions for further exploration.  Three areas of future 

exploration are detailed below in Sections 4.2-4.4. 

4.1 Limitations of the Mechanical Circuit Framework 
With any framework that models the true physics of a system there exists limitations to 

the techniques presented.  In this dissertation, the mechanical circuit framework is 

applied to the design of wave energy converter devices to extend the mechanical 

impedance matching technique originally presented by Falnes in the frequency domain 

[12].  As such, this framework is subject to the same limitations of frequency domain 

models.  These limitations include: 1) Linearized hydrodynamics – development of the 

frequency domain model requires a linearized representation of the hydrodynamic forces 

as specified in Section 1.4.2;  2) Steady state analysis – the model assumes the system is 

operating under steady state conditions as specified in Section 1.4;  3) Monochromatic 

wave regime – the model assumes waves incident upon the WEC are represented by a 

single frequency only;  4) PTO load is limited to capturing power in a single Degree of 

Freedom (DoF) only – each DoF in the system must be represented via an independent 

mechanical circuit.  Multiple DoFs may be represented in a single model through 

coupling the mechanical circuits via transducer elements [48], however in order to apply 

impedance matching conditions to maximize power capture at the PTO, the PTO must be 

limited to a single DoF.   
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4.2 Expansion of Null Power Capture Using Geometry Control 

CONT14 in Section 3.2.9 proposes an analytical constraint equation, which results in a 

null power capture condition of the Derived SRPA WEC Architecture.  This kinematic 

state is achieved as the relative travel between the float and spar is eliminated leading to 

both bodies moving in unison.  This condition is enabled through geometry control alone, 

while the PTO is still technically engaged, by selecting a spar impedance that matches the 

float resulting in the exact same dynamic response to the external wave excitation force.  

Such a method is novel and could be beneficial control strategy for WEC devices 

operating in storm conditions.   

4.3 Time Domain Modeling of the Master-Slave Relationship 
 
This dissertation successfully developed and numerically validated a method to 

implement optimal geometry control and optimal PTO force control to maximize the 

power capture of a WEC device in the frequency domain.  Where the frequency domain 

can supply developers with insights at the early stages of the development program, 

further feasibility analysis needs to be performed in the time domain to include both non-

linear effects as well as model the true wave elevation time series of the ocean wave 

resource before investment is placed to fabricate experimental models.  The nature of 

representing a complex WEC architecture as a canonical form allows for the application 

of control strategies already published in wave energy literature on SBPAs.  For example 

Figure 10 below is an adapted block diagram of a control strategy originally proposed by 

Falnes (cf. Figure 6.9 [12]), but updated to include a canonical form representation of a 

generic complex WEC architecture with a geometry control feature set represented by the 

parameter Λ .  A time-domain model for an SRPA without a geometry controllable 
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feature set has been implemented by Olaya et al. [49] and is an excellent starting point for 

consideration in developing the control strategy outlined in Figure 10. 

 

 

Figure 10: Control Block Diagram for an SBPA in Canonical Form Adapted from Falnes [12] 

4.4 Experimental Testing of a Physical WEC Model Utilizing an Inerter 
Finally, the analytical and numerical analysis in this dissertation have demonstrated 

results which suggest a vast improvement in power capture is possible through the 

implementation of an inerter subsystem internal to the spar.  The next logical step is to 

validate the predicted performance through fabricating and testing a scaled model in a 

controlled wave tank.  Such a model would support both the validation of the frequency 

domain results presented in this dissertation, along with providing a platform for testing 

future control strategies developed in the time domain as per Section 4.3. 
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7 Appendix B: 
On establishing an analytical power capture limit for self-
reacting point absorber wave energy converters based on 

dynamic response 
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8 Appendix C: 
On establishing generalized analytical phase control 

conditions in self-reacting point absorber wave energy 
converters  
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