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Abstract

Interest is growing worldwide among utility companies and governments of maritime
countries in assessing the power potential of tidal streams. While the latest
assessment for Canadian coastlines estimates a resource of approximately 42 GW,
these results are based on the average kinetic energy flux through the channel. It has
been shown, however, that this method cannot be used to obtain the maximum
extractable power for electricity generation. This work presents an updated theory for
the extractable power from a channel linking a bay to the open ocean. A
mathematical model is developed for one-dimensional, non-steady flow through a
channel of varying cross-section. Flow acceleration, bottom drag, and exit separation
effects are included in the momentum balance. The model is applied to Masset
Sound and Masset Inlet in Haida Gwaii, a remote island region, to determine the
extractable power and its associated impacts to the tidal amplitude and volume flow

rate through the channel.
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Chapter 1

Introduction

While the development of tidal stream energy is still in its infancy, interest continues
to grow worldwide in assessing its true potential [1-4]. This interest is driven by the
desire for energy supply security and concerns with the environmental impacts of
fossil fuel combustion. As a result, there has been continued development in the
theory behind the accurate assessment of this resource [5-8]. Tidal streams may have
the potential to provide significant amounts of electricity for coastal and remote
island communities. As fossil fuel resources continue to be depleted, the rising costs
associated with conventional power generation using diesel, natural gas, and coal may
promote the economic development of renewable energy technologies, such as tidal
energy conversion devices. It is, therefore, essential to accurately quantify the
extractable power from tidal streams to optimize electricity generation and provide

reliable power predictions.

While the latest assessment for Canadian coastlines estimates a resource potential of
approximately 42 GW, these results are based on the kinetic energy flux through the
most constricted cross-section of a channel in the undisturbed state [2]. Here, the
term undisturbed describes the natural state prior to installing tidal stream energy
converters. This method has no rigorous scientific basis for tidal streams and cannot
be related to the maximum extractable power [5, 6]. This work presents

modifications to the model presented by Garrett and Cummins [5] to extend the
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theory of the extractable power of a tidal stream in a channel linking a bay to the open

ocean.

It is necessary for the reader to have a basic understanding of how tidal currents are
generated in the earth’s oceans. The following section provides a brief explanation of

the physics involved.

1.1 Background

Ocean tides are primarily generated due to the gravitational forces of the sun and the
moon. These tide-generating gravitational forces are inversely proportional to the
cube of the distance between the center of the earth and the center of the sun and
moon, respectively. While the moon has 27 million times less mass than the sun, it is
390 times closer to the earth, making it the dominant tide-generating force. Since a
lunar day is 24 hours and 50 minutes, the tides generated by the moon produce two

local high tides every lunar day [9].

The largest tidal ranges, or difference in magnitude between the low and high tide, are
created when the moon and sun are aligned with the earth. Known as spring tides, the
gravitational forces of the sun and moon are additive. A new moon is produced when
the moon is directly between the earth and the sun, whereas a full moon is produced
when the moon is on the opposite side of the earth. Neap tides produce the minimum

tidal ranges and occur when the moon is at a right angle to the sun relative to the earth

[9].
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The generation of the tides is quite complicated, however, since the earth’s axis of

rotation is tilted to the plane of its orbit around the sun. In addition, the plane of the
moon’s orbit is tilted to the plane of the earth’s orbit around the sun. These tilts cause
the angle of declination of the moon, or the angle between the positions of the moon
relative to the earth’s equator, to vary throughout the tidal cycle. The result is a
difference in magnitude between the two successive high or low tides due to the
declination of both the sun and moon. This difference is referred to as the diurnal

inequality [9].

The distances between the earth and the moon, and between the earth and the sun,
also plays a role in the magnitude of the tidal range since the gravitational forces are a
function of the distance cubed. These variables, along with almost 400 other periodic
tide-generating forces, commonly referred to as tidal constituents, must be considered
when predicting a local tidal regime. Depending on the location, a relatively accurate

prediction, however, may be based on only eight of the major constituents [9, 10].

The observable tides in many parts of the world are generally classified as either a
diurnal or semidiurnal tide. Diurnal tides have a single high and low tide each lunar
day, whereas semidiurnal tides have two high and two low tides each lunar day with
similar successive high and low tides. A mixed tide is a combination of the two and
is strongly affected by the diurnal inequality. Successive high and low tides are,

therefore, significantly different in mixed tides [9].
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The Canadian Hydrographic Service (CHS) has closely monitored the tidal regimes

along Canadian coastlines. Water gauges measure the water surface elevation over a
prescribed length of time. A harmonic analysis is then applied to determine the
magnitude and phase of the tidal constituents with known frequencies. CHS has

accumulated an extensive database of tidal constituents for Canadian coastlines [11].

Tidal currents are shallow-water waves resulting from the horizontal displacement of
the ocean waters. A tidal stream capable of producing significant amounts of power
may be found in a channel linking a bay to the open ocean or in a channel connecting
two large basins, such as flow between an island and the mainland. As the tidal flow
travels through these constricted passages, the flow speed increases, making them

potentially feasible for large scale power generation [5, 6].

1.2 Tidal Stream Power Resource Assessment

Historically, the energy flux method has been the primary method for estimating the
resource potential of a tidal stream [1-4]. This method assumes that the extractable
power is directly proportional to the kinetic energy flux through the most constricted
cross-section of the channel in the undisturbed state. The head difference across the
channel is assumed to have a negligible impact. For an isolated turbine, the
extractable power is assumed to be some fraction of the instantaneous kinetic energy

flux upstream of the turbine, defined as

Energy flux = %pEmu3 , (1.1)
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where p is the density of water, E,,,, is the cross-sectional area of the turbine, and u

is the instantaneous depth-averaged upstream current velocity. The classic result,
given by Betz [12, 13] and Lanchester [14], limits the extractable power from the
turbine to 59% of the upstream energy flux, excluding mechanical and electrical
efficiencies. This Lanchester-Betz limit, however, assumes frictionless,
incompressible, steady flow with negligible heat transfer and shaft work, and neglects
drag from support structures. The applicability to real channels is, therefore, limited
when extracting a significant fraction of the total kinetic energy flux through the

channel.

Since tidal current energy is intermittent and reaches its maximum output for only a
fraction of the year, the average power is often quoted within resource assessments.
The average extractable power is calculated by averaging the instantaneous power

over the tidal cycle.

In a report prepared by Triton Consultants Ltd. [2], the tidal stream energy resource
for Canadian coastlines was assessed. Based on the energy flux method, Triton
acknowledges that the extractable power is only loosely related to the kinetic energy
flux. Triton, as well as many other resource assessments [3, 15-17] define the

instantaneous extractable power in the form

P= %NﬂpEWbus, (1.2)
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where N is the number of turbines and 7 is the turbine efficiency. Assumptions for

these scaling values vary widely. The number of installed turbines is limited by

construction issues related to water depth and inter-unit wake considerations [1].

A report produced by Black and Veatch [3] for the Carbon Trust, provided a resource
assessment for the UK, Europe, and the world. This paper presented a literature
review of all the major resource assessments that had been done independently prior
to 2004. The report highlights three major contributions for the UK resource
assessment [15-17] Each independent report based their estimations on the energy
flux method, similar to that presented by Triton [1, 2]. Assumptions were made for
turbine efficiencies, availability, turbine density (the number of turbines that can fit in
an area), cut-in, and cut-off velocities. In [16], the current velocity is assumed to fully
recover between rows of turbines when appropriately spaced, thereby assuming that
extracting power from tidal streams would have negligible impacts on the
downstream flow speed. These papers [1, 2, 15-17] also predict the maximum
extractable power based on the maximum spring tide flow velocity, which only

actually occurs for a fraction of the year.

Resource assessments for Europe and global tidal streams are also listed in Black and
Veatch [3]; all are based on the energy flux method with various assumptions. It is
apparent that the scope of these assumptions limits the validity of the energy flux

method.
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Black and Veatch [3] develop their own method for resource assessment based on its

literature review, entitled the Flux Method. This method incorporates the two
dominant tidal constituents to model a velocity distribution for the tidal cycle. While
this method is still only based on the kinetic energy flux in the undisturbed state, it
acknowledges that the extractable power will vary over the tidal cycle. Black and
Veatch [3] introduce a significant impact factor, representing the percentage of the
energy flux that may be extracted without significant economic and environmental
impacts. A value of 20% was assumed as a preliminary estimate with little

explanation or scientific basis.

Black and Veatch [3] quickly refer to the work of Bryden and Melville [8] which
states that, “The nature of this resource and how effectively to exploit it has not been
adequately accepted outside the small active tidal research and development
community”. Bryden and Melville [8] derive a limit for the extractable power of a
simple hypothetical channel linking two infinite oceans, as 10% of the undisturbed
kinetic energy flux. This analysis is based on a simple uniform channel of constant
cross-sectional area and volume flow rate, neglecting dynamical effects resulting
from the time variation of the water elevation within the momentum balance. While
these assumptions limit its applicability to real channels, Bryden and Melville [8] as
well as Bryden and Couch [7], do introduce the important idea that only a fraction of

the undisturbed energy flux may actually be extractable from tidal streams.
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Bryden and Melville [8] conclude that selecting potential sites for extracting tidal

energy is not a simple case of identifying areas with large peak tidal current. They
stress the fact that the energy flux method is flawed in its assumption that local tidal

regimes will not be significantly altered by power extraction.

It is apparent from the aforementioned literature, that resource assessments based on
the energy flux method do not accurately predict the extractable power of a tidal
stream. While many researchers have attempted to quantify the actual extractable
power by assigning a scaling value to the undisturbed energy flux through the
channel, little progress had been made in assessing the maximum value of this

fraction in real channels.

Garrett and Cummins [5] took a novel approach and began exploring the effects of
installing isolated turbines within a channel linking a bay to the open ocean. Based
on a momentum balance, they showed that an array of isolated turbines allow flow to
divert around them, inducing downstream mixing, resulting in additional power
losses. They suggest that the maximum power may be extracted only with uniformly
distributed turbines across the entire cross-section of the channel, thus minimizing
free flow around them. Garrett and Cummins [5] conclude that a few installed
turbines will have little impact on most tidal streams; however, little power will be
generated. The addition of more turbines will produce greater amounts of power but
will also impede the flow and hence have a negative feedback on the power

generated.
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Garrett and Cummins [5] quantify the maximum extractable power from a channel

linking a bay to the open ocean as

P. =0.24pgAwa’, (1.3)

avg

where g is the acceleration due to gravity, A is the surface area of the bay, and « and
 are the amplitude and frequency of the dominant tidal constituent just outside the
channel in the open ocean, respectively. This analysis neglects mechanical and
electrical inefficiencies, drag on supporting structures, and assume that the drag
associated with installed turbines is quadratic in the flow velocity. This one-
dimensional model neglects flow acceleration, bottom drag, and exit separation
effects. The exit of the channel may be at either end of the channel where the flow
exits to the bay or open ocean, depending on which way the tides are flowing. A
general conclusion is that the extractable power has no simple relationship with the

energy flux in the undisturbed state.

A more sophisticated model was developed by Garrett and Cummins [6] for a channel
of varying cross-sectional area linking two large basins, such as a channel between an
offshore island and the mainland. This one-dimensional model, derived from a
momentum balance includes flow acceleration, bottom drag, and exit separation
effects. The two large basins are assumed to have their own independent tidal
regimes, unaffected by the flow through the channel. A general result is that the

maximum extractable power, averaged over the tidal cycle, is approximately equal to
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I)avg = 022pgaQ0 > (14)

where Qp is the maximum flow rate in the undisturbed state and a is the amplitude of

the sea level difference between the ends of the channel.

If bottom drag is much less important than separation effect, Garrett and Cummins [6]

concluded that the maximum average extractable power may be written as

P= 0.38(% pEL|uLO|3], (1.5)

where u,, is the flow velocity at any instant at the end of the channel in the

undisturbed state. Equation (1.5) is similar to the kinetic energy flux with a reduction
factor of 0.38, however, it must be evaluated at the exit of cross-sectional area, E;,

which may not be the most constricted part of the channel.
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1.3 Thesis Objective

The present work uses the model developed by Garrett and Cummins [6] to extend
the analysis presented in Garrett and Cummins [5] by including bottom drag, exit
separation effects, and flow acceleration within the dynamical balance. This updated
one-dimensional model effectively describes the flow through a channel, of varying
cross-sectional area, linking a bay to the open ocean. The associated impacts on the
flow regime are quantified for varying levels of power extraction. A case study for
Masset Sound and Masset Inlet, in Haida Gwaii, is analyzed to validate the model and

estimate the extractable power.

1.4 Thesis Outline

This thesis begins by developing the model for flow through a channel connecting a
bay to the open ocean. The governing equations for the flow through the channel are
derived from a momentum balance and continuity. The average extractable power is
then derived as a function of the volume flow rate through the channel and the water
surface elevation just outside the channel in the open ocean. The governing equation,
continuity, and power equations are left in a generalized form. Modelling results and
a thorough discussion are then presented based on alternative assumptions for the
flow. An extensive case study for Masset Sound and Masset Inlet, in Haida Gwaii is

analyzed, followed by general conclusions and recommendations for future work.
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Chapter 2

Tidal Stream Power Model

A mathematical model is developed for a tidal stream in a channel linking a bay to the

open ocean. The model solves for the flow rate, O, and the water surface elevation
within the bay, £, , as a function of time, ¢ given a bay surface area, 4, and channel

cross-sectional area, E(x), which may vary along the length of the channel, L. The

water surface elevation just outside the channel in the open ocean, ¢, is assumed to

be unaffected by the flow through the channel. Here, water surface elevation refers
to the height above or below the average tide height. A schematic drawing for this
model is presented in Figure 2.1. The momentum balance, continuity, and power
equations are derived and presented in their general forms. This is convenient as it
will allow for multiple solutions based on alternative assumptions. These solutions

will be discussed in Chapter 3.

Open ocean

Figure 2.1: Schematic drawing of a channel linking a bay to the open ocean.
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2.1 Governing Equation

The governing equations for the flow through a channel linking a bay to the open
ocean are derived from momentum balance and continuity. For a viscous,
incompressible, and Newtonian fluid, the momentum balance reduces to the Navier-
Stokes equation. For a one-dimensional flow along the x-axis, Navier-Stokes may be

written as

_op(x,1) _pF(xf) = p ou(x,t) rulnf) ou(x,t) | 2.1)
ox ot ox
where F(x,t) represents the resistance forces per unit mass of sea water within the

channel. The resistance forces may include bottom drag and turbine drag associated

with power generation. The flow velocity is represented as u(x,t), p is the density

of sea water, and p(x,t) is pressure.

The first term in equation (2.1) represents the hydrostatic pressure gradient and may

be expressed as

op(x,t) 04 (x,t)
ox — P8 o 22)

where g is the acceleration due to gravity, and ¢ (x,¢) is the water surface elevation

along the channel. The change in water surface elevation along the length of the
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channel, 6¢ /ox, provides the pressure gradient required to drive the flow in and out

of the bay with the flood and ebb tides, respectively.

To maximize power extraction, turbines must be deployed such that all the flow
passes through them. Isolated turbines allow some of the flow to divert around them,
inducing downstream lateral motion and mixing, leading to increased power losses
within the channel. Garrett and Cummins [6] have suggested deploying uniform
"fences" of turbines across the cross-sectional area of the channel [6]. While
installing uniform "fences" of turbines may be impractical in engineering terms, the
assumption significantly simplifies the analysis and provides insight into the

maximum extractable power from the tidal steam.

The one-dimensional flow assumption implies that the resistance forces and flow
velocity are independent of the cross channel position and only vary along the length
of the channel. We assume that the cross-sectional area of the channel and the
surface area of the bay are unaffected by the rise and fall of the tides, as for flow at
low Froude number and with a tidal range which is not a significant fraction of the

water depth.

Substituting equation (2.2) into equation (2.1),

_F—au+ a_u+ a_é,

_ou . 23
o xS ox 23)
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The resistance forces are, therefore, proportional to the sum of the local acceleration,

ou/ot, the convective acceleration, u(du/ox), and the water surface elevation

gradient, 0¢ /ox .

Integrating equation (2.3) over the entire length of the channel,
L Log
4;Rh=j dx+ .[u—%h+gka;w; (2.4)

Assuming that the tidal wavelength is much longer than the channel length and that
the surface area of the bay is much larger than the surface area of the channel, volume
conservation implies that the volume flux is independent of position and may be

expressed only as a function of time as
O(t) = Eu, (2.5)
where E is the local cross-sectional area of the channel.

Based on this assumption, the local acceleration term may then be written as

La L 1 0 L 1
!_L;dx _ !Ea_Qd":_Q [ (2.6)

The channel geometry term, ¢, is now introduced and defined as
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L
c= IE_ldx : 2.7)
0
Substituting equation (2.7) into equation (2.6), the local acceleration term is
L
[Sodx= R (2.8)
0

If the cross-sectional area of the channel is assumed to be constant along its entire

length, the channel geometry term is

(2.9)

oy |

The flow is assumed to be drawn in smoothly at the channel entrance from a region
with a large surface area, weak currents, and a prescribed tidal elevation [6]. The
convective acceleration term, therefore, describes the flow separation at the end of the

channel and may be written as a function of the flow rate as

toou, 1 1
J.ua—dxzauL |uL|:2—EL2Q|Q|, (2.10)

0 X



17
where E, represents the local cross-sectional area at the end of the channel. Since

the model solves for both the flood and ebb tide, symmetry is implied. The cross-

sectional areas at either end of the channel are assumed the same.

The change in water surface elevation along the channel, is

[ =ty -2, (2.11)
5 Ox

where ¢, is the water surface elevation within the bay and ¢, represents the water

surface elevation just outside the channel in the open ocean. Substituting equations
(2.11), (2.10), and (2.8) into equation (2.4), the momentum balance for the flow

through the channel is

C%:g(go_gBay)__([Fdx_

1
5000 212)

The resistance force per unit mass of water, F, representing the bottom drag within

the channel and turbine drag associated with potential power generation, is defined as

L L LCd y
!Fﬁ:{guﬂ,dﬁjo Ly, (2.13)
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L
. C
where IEm,bdx represents the turbine drag, IOLTdMHde represents the bottom drag,
0

C, is the bottom drag coefficient, and 4(x) is the water depth [6, 18].

The bottom drag is expressed as a function of the flow rate as

L

[<tul

0

ny-1
1

“dv=2,0|0

where the bottom drag parameter is defined as
L
Ao = [ C (hE™) dx.
0

The turbine drag is expressed as a function of the flow rate as

m-1
Ll

fF,Wbdx =400

(2.14)

(2.15)

(2.16)

where A, is related to the number of turbines and their location along the channel, and

will be referred to as the turbine drag parameter.

The relationship between drag and the flow rate, defined by », and n,, are left

arbitrary at this point. The drag is linearly proportional to the flow rate when
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n, =n, =1 and quadratic when n, =n, =2 . Both linear and quadratic drag laws will

be explored later in this thesis. The turbine drag and bottom drag, however, will be

assumed to have the same dependence on the flow rate (ie. n, =n, =n ).

Substituting equations (2.16) and (2.14) into equation (2.13), the total drag within the

channel is

"+ 2,000 (217)

[ Fae= 40]0

Substituting equation (2.17) into equation (2.12), the governing equation is

1
2E?

"t 2,0l0 " -==0|0|. (2.18)

Q_ sy
cdt =g(&, é,Bay) 2’1Q|Q

Non-dimensional analysis eliminates the need for site specific parameters and reduces
the number of variables. The governing equation may be written in its non-
dimensional form by first dividing both sides of the equation by the acceleration due
to gravity, g, and the amplitude of the dominant tidal constituent, a, just outside the

channel in the open ocean of frequency, w. The resulting expression is as follows:

ny-1 1 1

2 gak’?

id_Q :ﬁ_ﬁ_igg
gadt a a ga

olo|. (2.19)

% lo
ga
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The non-dimensional water surface elevation is

¢ = ¢, (2.20)
a
and non-dimensional time is defined as

I =wt. (2.21)

Substituting equations (2.21) and (2.20) into equation (2.19),

cw dQ * * /11 m—1 ﬂzz ny-1 1 1
— == - -1 —-—=Z —-= ) 2.22
v d o =S u gaQIQI gaQIQ 2gaEL2Q|Q| (2.22)
The non-dimensional flow rate is defined as
0=, (2.23)
ga
and is substituted into equation (2.22), yielding,
dQ* * * (ga)nl_l w| o |m—1 (ga)nz_l w| x|l
o :é/O_é/Bay_ﬂl( v 00 —%WQ 0
caw caw (224)
1 a ol %
-8 oo

2 (ca)EL )2
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The non-dimensional turbine drag parameter and bottom drag parameter are defined

as
A= ((g; c;);l , (2.25)
and
Ao =2 ()" , (2.26)

respectively. Substituting equations (2.25) and (2.26) into equation (2.24), the non-

dimensional momentum balance for the flow through the channel is

*

d * * * _* *"1_1 * K *"2_1
Grat P o ey R Neje
v (2.27)
_2(ca)EL)2Q A

Continuity is now applied to determine the relationship between the water surface

elevation within the bay and the flow rate through the entrance.
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2.2  Continuity

Continuity states that the mass within the system is conserved. The water surface
elevation within the bay may be expressed as a function of the flow rate through the

channel and the surface area of the bay as

)
o a (2.28)

We assume that the tides rise and fall uniformly within the bay, as for a bay with a

horizontal scale much less than the tidal wavelength.

As the surface area of the bay increases toward infinity, the dependence of the water
surface elevation in the bay on the flow rate through the channel approaches zero.
For this reason, Garrett and Cummins [6] neglected this dependence when modelling

the extractable power from a channel connecting two large basins.

In the present analysis, the general case of a channel connecting a bay to the open
ocean will be examined. This general case effectively describes both scenarios
presented in [5] and [6], since the surface area may equal any positive value greater
than zero. The model will solve the bay scenario for any value of surface area greater
than zero, while a channel connecting two large basins is described as the surface area

approaches infinity.
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Substituting equations (2.20), (2.21), and (2.23) into equation (2.28) the non-

dimensionalized continuity equation is

dé,;ay _ g *

A’ cAa?

(2.29)

To eliminate the dimensional values in equation (2.29), a bay geometry term is

defined as

ﬂ:&if. (2.30)

and substituted into equation (2.29), yielding

d¢ .,
dt

= o’ (2.31)
The governing equation (2.27) and continuity (2.31) are solved simultaneously to
determine the flow rate and water surface elevation within the bay for varying levels
of turbine drag, bottom drag, exit separation effects, and open ocean tidal amplitude
as a function of time. The relationship between drag and the flow rate is left in its
general form. Equations (2.27) and (2.31) represent a coupled, first-order, non-linear,
non-homogeneous ordinary differential equation system. Once the system of
equations is solved, the extractable power from the channel may be calculated as a

function of the flow rate. The power equations are now derived.
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2.3 Power Equations

The total extracted power over the entire channel, P, includes power extracted from
the channel due to bottom drag and the power extracted for electricity generation
using tidal stream energy converters. At any given instant during the tidal cycle, the

total power may be defined as [6]
L
P=pQ| Fdx. (2.32)
0

The average extractable power for electricity generation over a tidal cycle, as

indicated by the overbar, is then

L
P, = pO|F,,dx. (2.33)
0

Substituting equation (2.16) into equation (2.33),

P, =ph0*|0"". (2.34)

Substituting equations (2.23) and (2.25) into equation (2.34),

P, = p%ﬂ{@” o™ (2.35)
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The non-dimensional average extractable power for electricity generation is

S * KD * nl_l
P,=407 10| (2.36)
where the dimensional average extractable power is
2
p —p P& (2.37)

It was shown in [6] that expressing the average extractable power as a function of the

maximum flow rate in the undisturbed regime, Q,, produces a convenient result. In

this analysis, the non-dimensional relative power is defined as

. P
Ly (2.38)

The maximum relative power is defined as the multiplier, y, as

7= (B 239

Garrett and Cummins [6] showed that the multiplier, », only varies between 0.25 and

0.19 for a channel connecting two large basins; the case defined in this analysis as

£=0.
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The maximum average extractable power for electricity generation may then be

defined as

(P.e)_ =0ga0,, (2.40)

where the multiplier, », is expected to only slightly vary for any channel linking a
bay to the open ocean. This is convenient since the extractable power may be
estimated if the maximum water surface elevation just outside the channel in the open

ocean and the maximum flow rate in the undisturbed state are known.
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24 Summary

The momentum balance for the flow through the channel may be defined as

d * * *”z
d% _é/Bay _ﬂ’ZQ
(2.41)
2(ca)E )
where 0 =20, =, §$—£, Cay = éVBay Ay = 21( )n_ , and
ga (co)”
i=g, 8

The dependence of the water surface elevation within the bay on the flow rate through

the channel was derived from continuity to be

d
4‘*‘” _ g0 (2.42)

Solving equations (2.41) and (2.42) simultaneously, the average extractable power for
electricity generation, as a function of the volume flow rate and turbine drag

parameter is

Po=% Q*2 (2.43)
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Chapter 3

Results and Discussion

Three scenarios are explored and compared below. The first two scenarios assume
that bottom drag and exit flow separation within the channel are negligible. Two drag
laws are explored. The first scenario assumes that the turbine drag is linearly
proportional to the flow rate, whereas, the second scenario assumes that the turbine
drag is quadratic in the flow rate. The third scenario includes bottom drag and exit
flow separation in the momentum balance and assumes that bottom drag and turbine
drag are quadratic in the flow rate. The average extractable power for electricity

generation is calculated for all scenarios and comparisons are made.
The water surface elevation just outside the channel entrance in the open ocean is
approximated by a single sinusoidal wave form with amplitude, «, and frequency, .

Therefore,

¢, =acoswt, (3.1)

which is expressed in its non-dimensional form as ¢, = cost .
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3.1 Negligible Bottom Drag and Exit Separation Effects

Two drag laws are explored when bottom drag and exit separation effects are
assumed negligible: linear and quadratic relationships with the volume flow rate. An
analytic solution, presented in detail in Appendix A, for the model is obtained when
turbine drag is assumed to be linearly proportional to the volume flow rate. When the
drag is assumed to be quadratic, a numerical solver is developed to obtain a numerical
solution since the coupled ordinary differential equations are non-linear. As stated in
Csanady [18], the most realistic representation of bottom drag is quadratic with the
flow rate. While the linear case may be less representative of the natural system, the
analytic solution does provide insight into the underlying physics of the problem and

provides validation for the numerical solver.

3.1.1 Linear Drag — Analytic Solution

When bottom drag and exit separation effects are assumed negligible and turbine drag

is assumed to be linear, the momentum balance may be written as

d - * * * *
L —cost' -4, -0 (3.2)

Equations (3.2) and (2.31) are solved simultaneously. The non-dimensional flow rate

and water surface elevation within the bay are solved to be

. A cost —(B-1)sins

(B-1) +47

(3.3)
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and

B(B-1)cost” + BA sint’
(18—1)2 n *9

$oay = , (3.4)

respectively. The complex form of the non-dimensional water surface elevation

within the bay is
———\(B-1)-Ai|. 3.5
2+/1f [( ) ﬂll] (3.5)

The complex modulus and phase of the non-dimensional water surface elevation

within the bay are

oo -—L—. ©9)
(-1 +27]
and
_tan-t A
€ =tan (ﬂ—lj' (3.7)

The value of @ is between 0° and 180°. The phase lag is plotted in Figure 3.1 as a

function of the bay geometry term and the turbine drag parameter.
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Figure 3.1: Phase lag as a function of the turbine drag parameter for varying bay geometries when
drag is assumed to be linear with the volume flow rate.

The non-dimensional average extractable power is plotted in Figure 3.2, as function
of the turbine drag parameter, for varying £. Since bottom drag and drag on support
structures are assumed negligible, all of the extractable power from the channel is
extracted for electricity generation. The maximum non-dimensional average
extractable power grows exponentially as the bay geometry approaches the Helmholtz

resonance corresponding to #=1 . Please refer to Appendix C for a full derivation

of the Helmholtz frequency and further explanation.

The relative power, defined in equation (2.38), is plotted in Figure 3.3, as a function

of the turbine drag parameter for varying bay geometries. The multiplier, y, is equal
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to 0.25 for all values of S. Therefore, when the turbine drag is linearly proportional

to the volume flow rate and bottom drag and exit separation effects within the channel

are negligible, the maximum average extractable power over the tidal cycle is

(pwg)max =0.25pgaQ,, (3.8)

for all values of . The multiplier, », will be shown in Section 3.2.1 to decrease as

increasing levels of losses occur in the channel.
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Figure 3.2: Non-dimensional average extractable power as a function of the turbine drag parameter
for varying bay geometries when friction is assumed linearly proportional with the flow rate and losses

are negligible.
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Figure 3.3: Relative power as a function of the turbine drag parameter for varying bay geometries

when friction is assumed linearly proportional with the flow rate and losses are negligible.
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3.1.2 Quadratic Drag — Numerical Solution

A numerical solver was developed in Matlab (The MathWorks Inc., Novi, MI) to
calculate the average extractable power for the second scenario. Here, turbine drag is
assumed to be quadratic in the volume flow rate. The program solves the non-
dimensional, coupled, ordinary differential equations using the ode45 Matlab
function, returning volume flow rate and water surface elevation within the bay for
varying values of £ and drag within the channel. The ode45 function, a one-step
solver based on an explicit Runge-Kutta formula, integrates the system of differential
equations over a prescribed time span based on an initial condition [19]. An adequate
time span is essential for the solution to reach steady state. Once the solution
converges, the program calculates the average power curves using equations (2.36)
and (2.38). The program is able to solve both the linear and quadratic cases by

allowing the exponent », to vary arbitrarily. The numerical solver is validated based

on the analytic solution by setting », equal to unity.

The non-dimensional average extractable power for electricity generation, in this

scenario, is

(3.9)

The non-dimensional power curves for varying B and turbine drag parameter, A,

are plotted in Figure 3.4. The relative power curves are plotted in Figure 3.5. The
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multiplier, y, is only slightly different than in the linear case, varying between 0.25

and 0.24. Since bottom drag is assumed negligible, all the extractable power is for

electricity generation.

5.5
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Figure 3.4: Non-dimensional average extractable power as a function of the turbine drag parameter
for varying bay geometries when drag is assumed to be quadratic with the flow rate and losses are
negligible.
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Figure 3.5: Relative power as a function of the turbine drag parameter for varying bay geometries
when drag is assumed to be quadratic with the flow rate and losses are negligible.

3.1.3 \Validation

The numerical solver may be validated based on the results provided by Garrett and
Cummins [6] for a channel linking two large basins. This scenario is defined in the
present analysis as f=0. The two basins are large enough that they have their own
tidal regimes, independent of the flow through the channel. Indeed, if the surface
area of the bay is sufficiently large, f~0. The non-dimensional average extractable
power for both the linear and quadratic drag laws when =0 and bottom drag and
exit separation effects are negligible, are plotted in Figure 3.6. The numerical solver

does in fact provide the exact same solution as presented in Garrett and Cummins [6].
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Figure 3.6: Non-dimensional average extractable power for linear and quadratic drag cases when

B =0 and losses are assumed negligible.
The maximum average extractable power for the linear case, when =0 is

(24) 0.25pga0,, (3.10)

1
:—p—:

(Pe),..

since Q, = ga(wc)™.

The maximum average extractable power is reduced to 97% of this value when

quadratic friction is assumed, as shown in Figure 3.6. This result was also shown in

Garrett and Cummins [6].
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This validation simply provides confidence in the numerical solver and its ability to

solve the coupled ordinary differential equation based on published results given in

Garrett and Cummins [6].

3.2 Including Bottom Drag and Separation Effects - Quadratic Drag

Bottom drag and exit separation effects are now included in the momentum balance.
Both bottom drag and turbine drag are assumed to be quadratic with the flow rate for
the remainder of the analysis. Please refer to Appendix B for a detailed explanation

for this case. In this scenario, the bottom drag and exit separation term may be

grouped into one non-dimensional loss parameter, 4, , where

A =£U: C,(hE>) dx + (2Ef)‘l} . (3.11)

(ca)’
The momentum balance may, therefore, be written as

Y —oosi' ¢, ~E RO (3.12)
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3.2.1 Maximum Extractable Power

The maximum non-dimensional extractable power for electricity generation is plotted
in Figure 3.7, and is shown to decrease for increasing 4,. For channels dominated by
bottom drag and exit separation effects, the average extractable poweris shown to
converge to approximately 0.1p(ga)2(ca))7l for all B. The multiplier, y, plotted in
Figure 3.8, varies between approximately 0.26 and 0.19 and converges to
approximately 0.21 for A;>3. The maximum average extractable power for

electricity generation may, therefore, be estimated to within approximately 10 - 15%,

as 0.22pgaQ, forall g without understanding the basic dynamic balance.
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Figure 3.7: Maximum non-dimensional average extractable power as a function of the loss parameter
for varying bay geometries when drag is assumed to be quadratic with the flow rate.
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Figure 3.8: Multiplier as a function of the loss parameter for varying bay geometries when drag is
assumed to be quadratic with the flow rate.

3.2.2 Validation

The numerical solution presented in Chapter 3.2.1 may be validated based on results

published in Garrett and Cummins [6]. The maximum average extractable power for
increasing A, for a channel connecting two large basins (5 =0) is plotted in Figure
3.9. The maximum average extractable power is approximately 0.24p( ga)z(ca))_l
when bottom drag and exit separation effects are negligible and decreases to
approximately 0.045p(ga)2(ca))7l for channels dominated by them. These results

agree exactly with those determined presented in [6].
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Figure 3.9: Maximum non-dimensional average extractable power for # =0 as a function of the loss
parameter.

This validation provides additional confidence in the numerical solver. Further
validation is necessary, however, to verify how accurately the mathematical model
predicts observable flows in tidal streams. This will be presented later, in Chapter 4,

in the case study for Masset Sound, Haida Gwaii.
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3.2.3 Determining Bay Geometry Term and Loss Parameter
Two methods are explored to calculate the bay geometry term, g, and the loss

parameter, A, for a channel connecting a bay to the open ocean. In the first method,

the bay geometry term, £, defined in equation (2.30) as g(cAw®)™ is calculated by
measuring the surface area of the bay, 4, and the channel geometry term, c. The loss
parameter, 4, , is then calculated using equation (3.11) and a typical drag coefficient

for the region. In the second method, the modelling results are applied to determine
the bay geometry term and loss parameter based on the observable amplitude ratio

and phase lag of the tidal regime within the bay in the undisturbed regime.

The amplitude ratio is defined as

|= . (3.13)
a

The phase lag, defined in equation (3.7), is the lag of the maximum water surface

elevation within the bay behind the maximum water surface elevation just outside the
channel in the open ocean. The amplitude ratio and phase lag for varying S and A,

are plotted in Figure 3.10 and Figure 3.11, respectively.

A contour plot of the amplitude ratio and phase lag was compiled using the data from

Figure 3.10 and Figure 3.11, and plotted in Figure 3.12. The bay geometry term and
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loss parameter for any bay may now be determined using Figure 3.12 if the amplitude

and phase of the dominant tidal constituent at each end of the channel are known.

For example, a bay with an amplitude ratio of 0.6 and a phase lag of 80° may be

modelled as f=2 and 4, =12.5.

The model predicts some additional interesting results. For instance, if #<2.5and

the 6 <60°, the amplitude ratio is greater than one. The water surface elevation
within the bay would, therefore, be larger than the water surface elevation just outside
the channel in the open ocean. It is also apparent from Figure 3.12 that the model
begins to break down as the loss parameter approaches zero and the bay geometry
term approaches resonance. This was expected, as discussed in Appendix A, since it

is physically impossible for a channel to have zero drag.
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Figure 3.10: Amplitude ratio as a function of the loss parameter for varying bay geometries when
drag is assumed to be quadratic with the flow rate
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assumed to be quadratic with the flow rate
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bold). Contours are a function of the loss parameter and the bay geometry term.
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3.3 Summary

The tidal stream power model has now been developed to mathematically model the
flow through a channel linking a bay to the open ocean. The most sophisticated
scenario explored in this thesis assumes that drag has a quadratic dependence on the

volume flow rate and includes bottom drag and exit separation effects in the
momentum balance. The bay geometry term, A3, and loss parameter, A, for a

channel linking a bay to the open ocean may be calculated using two different
methods. In the first method, the bay geometry term is calculated based on measuring
the surface area of the bay and the cross-sectional area of the channel over its entire
length. The loss parameter is then calculated based on a typical drag coefficient for
the region. In the second method, the contour plot presented in Figure 3.12 is used to
determine the bay geometry term and loss parameter based on the amplitude ratio and

phase lag in the undisturbed state.

Once £ and A; are known, the average extractable power for a given bay may be

calculated. A detailed case study is now presented for Masset Sound and Masset Inlet
to validate the model and explore the potential for tidal stream power in a remote

island region.
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Chapter 4

Masset Sound Case Study

4.1 Introduction

The tidal stream power model was applied to Masset Sound and Masset Inlet in Haida
Gwalii (Queen Charlotte Islands) to estimate the average extractable power for
electricity generation. Haida Gwaii is a remote island region off the west coast of
British Columbia, Canada. The total cost of generating electricity on Haida Gwaii
ranges between 17 and 21 cents/lkWh [20], whereas British Columbians are typically
charged approximately 6.6 cents/kWh for their electricity [21]. The peak demand for
Haida Gwaii is approximately 10 MW [22]. Masset Sound may be a suitable location
for tidal stream power generation due to the high cost of fuel associated with the
existing and predominantly diesel-fuelled power generation, strong tidal currents

[23], and close proximity to major load centers and transmission lines.

4.2 Tidal Regime

The tidal regimes for Canadian coastlines have been closely analyzed by CHS. Tidal
constituents for a local tidal regime are calculated from data obtained from water
surface elevation data. The amplitude, @, and phase angle, ¢, of all tidal constituents
are available from CHS [11]. The tidal constituents for Wiah Point and Port
Clements (Figure 4.1) will be used to model the water surface elevations of the open
ocean and the bay, respectively. Tidal predictions for both these locations, over a

seven day period, beginning January 7, 2007 are shown in Figure 4.2 [11].
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Figure 4.1: Masset Sound on Graham Island in Haida Gwaii [24].
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Figure 4.2: CHS tidal predictions for Wiah Point and Port Clements [11].
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Presently, the model assumes that the tidal regime may be expressed as a single
sinusoidal waveform. It is apparent from Figure 4.2, however, that the tidal regime in
Masset Sound is composed of multiple tidal constituents. The dominant tidal
constituent for Wiah Point and Port Clements is the semi-diurnal (twice daily) M2
45-1

tide with a frequency of 1.4x10" and amplitudes of 1.47m and 0.80 m,

respectively. A single sinusoid of the form,

¢y, =acoswt, 4.1)

is, therefore, assumed to accurately describe the tidal regime at Wiah Point where

a=147mand w=14x10"*s".

The volume flow rate, O, and water surface elevation within the bay, ¢, , were
shown in equations (3.12) and (2.31) to be a function of the bay geometry term, 3,
and the non-dimensional loss parameter, A,. Therefore, # and A, must be

determined to assess the tidal stream power resource.
4.3 Determining the Bay Geometry Term and Loss Parameter

4.3.1 Method #1 — Bathymetric Data and Amplitude Ratio

The bay geometry term is a function of the surface area of the bay and the channel
geometry term as presented in equation (2.30). The surface areas of Masset Inlet
(Figure 4.3) and Masset Sound (Figure 4.4) were measured to be approximately

238 km? and 49 km?, respectively, using the Land and Resource Data Warehouse
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Catalogue [25] available from the Government of British Columbia. The channel
geometry term, ¢, for Masset Sound was calculated by digitizing the highest
resolution chart soundings available from CHS using ArcGis-Arcinfo version 9.1
(ESRI, US). The digitized soundings were interpolated into a 40 m by 40 m grid
using a spline interpolation. The digitized channel is shown in Figure 4.5. The
channel geometry term was calculated as 1.64 m™.  Substituting g =981 ms?,
c=164m*, 4 = 238km? and w = 1.4x107*s™ into equation (2.30), the bay

geometry term for Masset Sound is

£=128. (4.2)

An average water depth of 14 m and an average cross-sectional area of 1.7x10*m?
are used for the values of 4 and E, respectively. The average cross-sectional area at

2

either end of the channel is approximately 1.5x10°m* and the channel is

approximately 27 km long. The typical bottom drag coefficient, C,, for the region is

3.0x107%[10]. Substituting these values into equation (3.11), the loss parameter is

A =6. (4.3)



Figure 4.4: Masset Sound [25].
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4.3.2 Method #2 — Amplitude Ratio and Phase Lag
The modelling results presented in Chapter 3.2 may also be used to calculate the bay
geometry term and loss parameter based on the observed amplitude ratio and phase

lag in the undisturbed state. The maximum water surface elevation within the bay,

, 150.80 m. The amplitude ratio is, therefore,

‘ é/Bay

[ =054, (4.4)

a

The phase angles of the M2 tides at Wiah Point and Port Clements are 33° and 121°,
respectively. Therefore, the maximum water surface elevation within the bay lags the
maximum water surface elevation in the open ocean just outside the channel by

6 =88°.
Based on the contour plot presented in Figure 3.12, a channel linking a bay to the

open ocean with an observed phase lag of 88° and an amplitude ratio of 0.54 is

associated with #=1.45 and 4, =8.

Rearranging equation (2.30), the channel geometry term is

c=—8 . (4.5)
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The model, therefore, predicts a channel geometry term of 1.45 m™. This is 13% less
than the channel geometry term that was calculated using bathymetric data in the first

method.

Rearranging equation (3.11), the bottom drag coefficient is

2 =
Sew) 1 L
C, = - : 4.6

¢ [% ga 2Ef}(hE2] (4.6)
It is apparent from equation (4.6) that the drag coefficient is sensitive to the loss
parameter and the exit cross-sectional area. If we assume that £; = 1.5x10*m?, the

first term inside the square bracket in equation (4.6) is 2.3x10® m™ and the second

term is 2.2x107° m™, a factor of 10 smaller than the first term. This implies that the

estimated drag coefficient is not particularly sensitive to the cross-sectional area

where the flow is exiting to Masset Inlet or the Pacific ocean.

If we assume once more that 2 = 14 m, E = 1.7x10*m? L = 27 km, the model

predicts a bottom drag coefficient of 3.1x107°, close to the regions typical drag

coefficient.

The maximum non-dimensional volume flow rate for a bay defined by £ =1.45 is

plotted as a function of the loss parameter in Figure 4.6. The maximum non-
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dimensional volume flow rate in Masset Sound, with a loss parameter of A, =8, is

0.35. Since

0-%¢", (47)

the maximum volume flow rate, Qq, is approximately 2.5x10* ms™.

It was shown in the analytic solution (Appendix A) that

0=04|¢,,], (4.8)

when drag is assumed linear in the flow rate. For Masset Sound, this corresponds to a
maximum volume flow rate of 2.7x10*m%™, only 8% greater than the results based

on the quadratic drag assumption.

The smallest cross-sectional area, Emin, in Masset Sound is approximately 1.0x10*m?

located near UTM northing 5975500 (see Figure 4.5). Since

_9
u—E : 4.9
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where u is the flow velocity, the maximum flow velocity, umax, iIn Masset Sound is
estimated to be 2.5 ms™ which agrees with the observed maximum flow speeds in the

area [22].

*
max)

Maximum flow rate ( Q

02 1 1 1

0 5 10 15 20
Loss parameter (1)

Figure 4.6: Maximum non-dimensional flow rate as a function of the loss parameter for a bay defined
by p = 1.45.

4.5 Extractable Power

Initially, the average extractable power for electricity generation increases as turbines
are installed in the tidal stream. Too many turbines, however, will excessively reduce
the volume flow rate and eventually reduce the extractable power. The non-

dimensional average extractable power is plotted in Figure 4.7 as a function of the

turbine drag parameter, A, for f=1.45 and 4; =8. A maximumof P, =7.5x107"

vg
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is calculated when 4 =15. Substituting equation (4.5) into equation (2.37), the

average extractable power may be written as

a

* 2
Pvg = szgﬁpga AC{) * (410)

Substituting R;g =7.5x107? into equation (4.10), the maximum average extractable

power is 79 MW.

The power multiplier, , is plotted in Figure 4.8 as a function of the loss parameter
for B =1.45. The maximum average extractable power from Masset Sound is

approximately equal to

(P.) . =021pgaQ,. (4.11)

It may be impractical to exploit the maximum average extractable power due to the
perturbations to the tidal regime associated with extracting the maximum extractable
power. The perturbations to the water surface elevation within the bay and the
volume flow rate through the channel are now analyzed for different levels of power

extraction.
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Figure 4.7: Non-dimensional average extractable power as a function of the turbine drag parameter
for Masset Sound when defined by 4 =1.45 and 4, =8.
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Figure 4.8: Power multiplier as a function of the loss parameter for Masset Sound as defined by
p=145.
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4.6 Tidal Regime Perturbation

The water surface elevation within the bay and the volume flow rate through the
channel decrease as power is extracted from Masset Sound for electricity generation.
For this analysis, perturbations to the tide regime are explored when Masset Sound is

defined by p=1.45, A, =8, and the tides at Wiah Point are approximated as a single

sinusoid.

When 79 MW is extracted, the water surface elevation within the bay and maximum
volume flow rate are reduced to 58% of the undisturbed state. The tidal regime may
be kept to within 90% of the undisturbed regime, while extracting 37 MW, when

A, =2. It is important to note, however, that the extractable power for electricity

generation neglects mechanical and electrical inefficiencies of the turbines, and
additional drag on the supporting structures; only a portion of this extractable power

will be available to meet the load.

With a maximum load of approximately 10 MW, a significant amount of Haida
Gwaii’s electricity demand may be met using tidal energy extracted from Masset

Sound, while maintaining 90% of the undisturbed tidal regime.
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Chapter 5

Conclusions and Recommendations

This chapter summarizes the key objectives and major findings of this thesis.
Recommendations for future work will be listed to aid in the continued development
of this theory. The objectives of this thesis were to:
e develop a one-dimensional mathematical model describing the flow through a
channel linking a bay to the open ocean, including flow acceleration, bottom

drag and exit separation effects;

e determine the average extractable power of Masset Sound in Haida Gwaii, and

quantify the associated perturbations to the tidal regime.

51 Conclusions

This thesis developed a one-dimensional mathematical model describing the average
extractable power in a channel linking a bay to the open ocean. The dynamical
balance includes flow acceleration, turbine drag, bottom drag, and exit separation
effects. A numerical solver was developed to determine the volume flow rate through
the channel, the water surface elevation within the bay, and the extractable power for

various bay geometries.

The general conclusion is that the maximum average extractable power from a

channel linking a bay to the open ocean may be estimated within approximately 10 -
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15% as 0.22pgaQ,. The approximation assumes quadratic drag and a single

sinusoidal forcing.

A contour plot has been developed to determine the bay geometry term and loss
parameter for a bay, when the water surface elevation and phase of the tidal
constituents at each end of the channel are known. This method is valuable since it
eliminates the time and expense involved in obtaining the geometric values required
to calculate the bay geometry term. The contour plot is only applicable for a channel
linking a bay to the open ocean since it is a function of the amplitude ratio which is
equal to zero for a channel linking two large basins. A detailed analysis for a bay

linking two large basins, however, is presented in Garrett and Cummins [6].

A case study for Haida Gwaii reveals that the maximum average extractable power
from Masset Sound is approximately 79 MW. It was determined that extracting
79 MW from Masset Sound would decrease the water surface elevation within the
bay and the maximum volume flow rate through the channel by approximately 42%
of its undisturbed regime. The tidal regime may be kept to within 90% of the
undisturbed regime by limiting the average extracted power to 37 MW. Due to the
low demand for electricity in the area, tidal energy may be able to provide Haida

Gwaii with a significant amount of their electricity.

The bottom drag coefficient for Masset Sound was calculated to be 3.1x10%, which

is approximately equal to the regions’ typical drag coefficient presented in [10]. The
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case study validated the mathematical model in predicting the undisturbed tidal

regime of Masset Sound.

5.2

Recommendations

The following are recommendations for further research and additional projects that

extend from this thesis:

Modelling results within this thesis are based on the assumption that the tidal
regime just outside the channel in the open ocean may be approximated by a
single sinusoidal waveform. It would be valuable to explore the effects of
describing the tidal regime with multiple tidal constituents. Garrett and Cummins
[6] concluded that multiple constituents can be included in the analysis, where

§,=acoswt+a, COSwt+a,CoSm,t +...., but doing so depends on the basic

dynamical balance. The extractable power calculated when ¢, =acoswt is
multiplied by a factor of 1+(9/16) (5’ +7; +...), in the quasi-steady limit, where
n=ala, r,=a,la..., if the basic state is frictional, and 1+(r12 +1y +) if the

basic state is frictionless [6]. A similar analysis would be beneficial for all values

of the bay geometry factor;

Results have been based on increasing levels of the turbine drag parameter. It is
essential that this term be related to the number of installed turbines, including the

drag on the supporting structures;
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e A case study exploring the integration of tidal stream power into the Haida Gwaii
energy system based on a time series power generation would be very beneficial.
It has been shown that increasing the turbine drag within Masset Sound will affect
amount of extractable power and when it is available. There is an opportunity to

optimize the installed capacity to meet the region’s load.
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Appendices

Appendix A — Negligible Bottom Drag and Exit Separation Effects -

Linear Drag

An analytic solution is obtained when bottom drag and exit separation effects are
assumed negligible, and turbine drag is assumed to be linearly proportional with the

flow rate (n, =1). Furthermore, the water surface elevation just outside the bay

entrance in the open ocean is assumed to be a single sinusoidal waveform as

¢, =acoswt. (A1)
The non-dimensional water surface elevation is then
£, =cost . (A.2)

Based on these assumptions, the momentum balance may then be written as

d * * * * *
L —cost'~¢, -0 (A3)

From continuity,



*

dé/Bay — *
dt '
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(A.4)

Solving equations (A.3) and (A.4) simultaneously, the non-dimensional flow rate and

water surface elevation within the bay are

. A cost —(B-1)sins

(B-1) + 47

and

B(p-1)cost” + BA sint
(B-1)+ 47

*
é,Bay =

respectively.

The non-dimensional average extractable power is

Substituting (A.5) into (A.7), the average extractable power is

(A.5)

(A.6)

(A7)
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1 A
P == : A8
"2(p-1) + A7 A9
which is maximized when 4" = -1 to be
. 1 1
P == . A9
( avg )max 4 (ﬂ_l) ( )

It is convenient to express the average extractable power as a function of the

maximum flow rate in the undisturbed regime. The magnitude of the flow rate is

maximized when 4, =0, to be

(A.10)

The maximum flow rate in the undisturbed state may be expressed in its dimensional

form as

0y =04, |. (A.11)

A singularity exists in (A.10) when g =1 since it assumed that there is no friction

within the channel, which is physically impossible. This singularity may be avoided
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by simply assigning a value of bottom drag parameter which is much less than the

turbine drag parameter in order to maintain a negligible effect on the solution.

The relative power, defined as the non-dimensional average extracted power divided

by the maximum non-dimensional flow rate in the undisturbed regime is

(A.12)

The multiplier, », which is the maximum relative power, is 0.25 when 4 = 3-1.

Therefore, when friction is assumed to be linear and losses within the channel are
assumed negligible, the maximum average extracted power for electricity generation

is

() =0.25pga0,. (A.13)
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Appendix B — Including Bottom Drag and Exit Separation Effects -
Quadratic Drag
A more sophisticated and realistic model includes bottom drag and exit separation
effects in the analysis. A numerical solution is required to solve for the non-
dimensional flow rate and water surface elevation within the bay. For engineering
applications, bottom drag is commonly assumed to be quadratic in the volume flow

rate [18]. If drag is assumed to be quadratic (», =n, =2), the bottom drag and the

exit separation effect can be lumped together into the single term, A, , where

(B.1)

Assuming symmetry between the ebb and flood tides, the rise and fall of the tides are
assumed to have a negligible effect on the exit area of the channel. Therefore, the

loss parameter, A,(E,,¢) is assumed to be constant throughout the tidal cycle.

Since the tidal regime in the open ocean is assumed to be a single sinusoidal wave

form, the governing equation may be written as

dO" . . o ax\
L —cost' -4, (4 4+ )0

o’ (B.2)

where the non-dimensional loss parameter, 4, , is
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=22, (B.3)

and represents the non-dimensional bottom drag and the exit separation effect.

The model calculates the average extractable power for electricity generation for
various magnitudes of turbine drag and losses within the channel. The numerical
solution obtained in Section 3.1.2, when losses where neglected, may be conveniently
scaled to provide a solution for the case of including losses. The general form of both

equations is

*

dQ . .
o =C0St — &y, —A 0

*

ol.

(B.4)

where 1" = 4, + 4, for both scenarios.
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Appendix C — Helmholtz Frequency
The spike in power that is apparent in Figure 3.2 as £ approaches unity may be
explained by analyzing the natural frequency of the bay, o,. We will show that the

tidal frequency is equal to the natural frequency, or Helmholtz frequency, of the bay

when g =1.

A channel linking a bay to the open ocean is analogous to a viscously damped forced
vibration problem (VDFVP) if the damping coefficient is assumed to be linearly
proportional to the flow rate. Vibration theory states that the natural frequency of a
VDFVP is calculated by assuming that the damping term has a negligible impact on

the frequency, and is therefore described by the homogeneous solution [26].

Continuity states that

d d*s,,
Coat o €D

Assuming negligible drag losses, the homogenous form of the governing equation

(2.18) is

d ’ é/bay

dt2 +gé/bay :0' (C'z)
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Vibration theory states that the natural frequency of the bay system is then

w =5 (C.3)

Substituting g = g/cAa)2 into (D.3), the natural frequency is expressed as a function

of the tidal frequency as

w’ = fa’. (C.4)

It is apparent from (D.4) that when g =1, the tides are oscillating at the same

frequency as the natural frequency of the bay. This explains why the amplitude of

vibration in the system becomes very large as the bay geometry term approaches one.



