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ABSTRACT

Due to failure of the continuum hypothesis for higher Knudsen numbers, rarefied
gases and microflows of gases are particularly difficult to model. Macroscopic trans-
port equations compete with particle methods, such as the direct simulation Monte
Carlo method (DSMC) to find accurate solutions in the rarefied gas regime. Due to
growing interest in micro flow applications, such as micro fuel cells, it is important

to model and understand evaporation in this flow regime.

To gain a better understanding of evaporation physics, a non-steady simulation
for slow evaporation in a microscopic system, based on the Navier-Stokes-Fourier
equations, is conducted. The one-dimensional problem consists of a liquid and va-
por layer (both pure water) with respective heights of 0.lmm and a corresponding
Knudsen number of Kn=0.01, where vapor is pumped out. The simulation allows for
calculation of the evaporation rate within both the transient process and in steady

state.

The main contribution of this work is the derivation of new evaporation bound-
ary conditions for the R13 equations, which are macroscopic transport equations with
proven applicability in the transition regime. The approach for deriving the boundary
conditions is based on an entropy balance, which is integrated around the liquid-vapor
interface. The new equations utilize Onsager relations, linear relations between ther-
modynamic fluxes and forces, with constant coefficients that need to be determined.
For this, the boundary conditions are fitted to DSMC data and compared to other



v

R13 boundary conditions from kinetic theory and Navier-Stokes-Fourier solutions for
two steady-state, one-dimensional problems. Overall, the suggested fittings of the
new phenomenological boundary conditions show better agreement to DSMC than

the alternative kinetic theory evaporation boundary conditions for R13.

Furthermore, the new evaporation boundary conditions for R13 are implemented
in a code for the numerical solution of complex, two-dimensional geometries and
compared to Navier-Stokes-Fourier (NSF) solutions. Different flow patterns between
R13 and NSF for higher Knudsen numbers are observed which suggest continuation

of this work.
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Chapter 1
Introduction

The phase change between liquid and vapor plays an important role in many techni-
cal processes. Often this phase change is desired such as in refrigeration cycles where
evaporators remove heat from a cold reservoir and condensers reject heat to the envi-
ronment [1][2]. In steam power plants liquid water is evaporated, then expanded in a
turbine and eventually condensed again [2][3][4]. In other applications, evaporation or
condensation may occur which is not desired. Water management plays an important
role in fuel cell systems [5][6] and having control over the phase of the water is crucial
for optimal operation.

When developing new technologies, it is desired to compare mathematical models
with experimental data where the mathematical approach is by far cheaper.

Modeling evaporation and condensation has been subject of research for the past
century. However, previous work has been mostly concerned with a flow regime, where
the equations of classical hydrodynamics, i.e., the Navier-Stokes-Fourier equations
are valid. Though, there are many applications where the continuum hypothesis and
therefore classical hydrodynamics fail, such as flow within micro electro mechanical
devices (MEMS) [7] or vacuum applications.

The present work starts with modeling slow evaporation in a microscopic system
where classical hydrodynamics are just valid (Chap. 2). The results give insight
into the physics of evaporation. In Chap. 3 macroscopic transport equations with
applicability in flow regimes beyond the scope of classical hydrodynamics are extended
by deriving new evaporation/condensation boundary conditions. These boundary
conditions utilize coefficients which are determined by fitting to reference data for a
half-space and a finite problem. In Chap. 4 the newly derived boundary conditions

are put to test in a numerical steady-state simulation for complex geometries. The



work ends with the conclusion and outlook in Chap. 5.

1.1 Microscopic vs. macroscopic approach

For modeling ideal gas flow, there are in general two approaches, the microscopic and
the macroscopic approach. In the microscopic approach, the Boltzmann equation
[8][9] is solved, e.g., with the Direct Simulation Monte Carlo method (DSMC) [10].
By neglecting external forces, the Boltzmann equation is given as

2 7T/2

) ) 1 1 ;L
a_{“ka_i = —5(f) = ﬁ/// (f 11 —ff1> go.sinfdédede! | (1.1)
0 0

with f(xg,cx,t) as single particle distribution function, in which z, = {x1, ., x3} is
the position vector and ¢ = {¢1, ¢o, ¢3} the vector denoting microscopic velocity. The
term S(f) describes binary collisions between particles and, if set to zero, Eq. (1.1)
describes free flight. The distribution function f(zy, ¢k, t) is defined over the relation
N,

Tk ,Ck

space dxypdcy at time t [9][11]. The collision term S(f) consists of f = f(xx,ck, 1)

and f' = f(xy,c;,t), which denote the respective distribution of the two incoming

= f(xg, g, t)dxrde, which is the number of particles within a cell of phase

particles before collision, f* = f(zx,c,,t) and fY' = f(xy,ch,t) as distribution of
outgoing particles after collision, 6 as the collision angle, € as the orientation of the
collision plane, 0. as the differential cross section and g as the relative velocity of the
incoming particles.

By knowing the distribution function one may condense microscopic information
into macroscopic quantities which are also referred to as moments. Some moments of

the distribution function are given as

Mass density: p = m/fdc , (1.2)
Velocity: pv; = m/cifdc , (1.3)

3 m 9
Internal energy: pu = §p(9 =5 C*fdc , (1.4)

Pressure tensor: p;; = pd;; + 05 = m/Ciijdc , (1.5)



Stress tensor: 0;; = m/C@Cﬂfdc , (1.6)

Heat flux vector: ¢; = %/C2C’ifdc : (1.7)

The ideal gas law is here defined as p = pf, with § = RT and the peculiar velocity as
Oi =C; —V;, (18)

in which ¢; is the microscopic velocity and v; the bulk velocity, def. (1.3). Indices in
angular brackets denote trace free and symmetric tensors.

The Boltzmann equation is difficult and computationally expensive to solve and
for engineering applications determining the macroscopic quantities only is often suffi-
cient. In the macroscopic approach, sets of equations, e.g., the Navier-Stokes-Fourier
equations (classical hydrodynamics) are derived from the Boltzmann equation. These
equations reduce the number of variables, and when simplified, allow for analytical
solutions. The advantage of faster calculations is associated with the restriction to

certain flow regimes [12].

1.2 Characteristics of micro and rarefied gas flow

Macroscopic transport equations approximate the Boltzmann equation (1.1) and are
bound to certain flow regimes, which can be characterized by the Knudsen number.
The Knudsen number is the ratio of the mean free path, i.e., the average distance a
molecule travels between two subsequent collisions, and a characteristic length, e.g.

the diameter of a pipe [11]. The Knudsen number is defined as

wV RT

Kn =
n pL s

(1.9)

with p as dynamic viscosity, L as characteristic length, R as individual gas con-
stant, T" as temperature and p = pRT as pressure. For Knudsen numbers larger than
Kn & 4-1072 the classical Navier-Stokes-Fourier equations (NSF) start to fail [11][12].
Applications for Knudsen numbers in the transition regime, i.e., 4- 1072 < Kn < 2.5
[12], may be those with large mean free paths, e.g., in vacuum or aerospace applica-
tions, or those with small characteristic lengths, which can be found in microflows. In

this regime rarefaction effects are observed, such as temperature jump and velocity



slip at interfaces, Knudsen layers in front of interfaces, transpiration flow, thermal
stresses, or heat transfer without temperature gradients [11][12][13][14][15]. Knudsen
layers are thin areas in front of boundaries in the order of a few mean free paths,
which correspond to a discontinuity between the phase density right at the boundary,
where particle interaction with the boundary is the dominant mechanism and the

phase density for the bulk flow.

1.3 The Navier-Stokes-Fourier equations

As first approach for modeling evaporation one considers the Navier-Stokes-Fourier
equations (NSF) from classical fluid mechanics, which are valid for relatively small
Knudsen numbers only. For a fluid (liquid or gas) the conservation laws in local form

for mass, momentum and energy are given as [16]

dp  Opuy
— =0, 1.10
815 8xk ( )
Opv;  Opvivy + pix
+ = pg; , 1.11
5 e Py (1.11)
ap (u + %) 0 (p (u + %) Vi + pir¥i + qk)

= pg;v; , 1.12

g + o pYiv (1.12)
in which p;;, = pd;r. + 0 is the pressure tensor, with d;;, as identity matrix. The tensor

3
notation is used in which the symbol for sum is neglected, i.e., > g%z = %ﬁ. Here,
k=1

p is mass density, v; velocity vector, u specific internal energy, p p}essure, Ok Viscous
stress tensor, g, conductive heat flux vector and ¢; a body force, e.g., gravitational
force. The variables depend on the position vector xj, which for three dimensions in
space reads x, = {1, x2, x3} and time ¢. One has five equations for the five unknowns
p, v; and T. An algebraic equation for p is found in the ideal gas law p = pRT. To
close the system, it is necessary to find equations for ¢x and o;; which are given by
Fourier’s law
oT

Gk = _kﬁ_xk ; (1.13)



and the Navier-Stokes stress tensor for a compressible fluid, with superscript v for

vapor as [16]
ov;  Ovp 2 0v, ov;
v L R 51 — = 51 , 1.14
Tik H Oz, * Or; 30z; g V@xj g (1.14)

in which g is the dynamic viscosity and v the bulk viscosity. When considering a

monatomic gas, the bulk viscosity becomes zero.

For an incompressible and Newtonian liquid the divergence % is zero and there-
J

fore the stress tensor simplifies to

oo ov; n vy,
ih = —H oxr  Ox;

(1.15)

Under the assumption of constant specific heats, the equation of state for enthalpy
in vapor is

he =& (T, — Ty) + by (1.16)

with h); = h) — hy, see Appendix A. One notes, that if the equilibrium temperature
To is not set to zero, one obtains h,(Ty) = h(g)l,

since enthalpy differences are considered, the choice of Ty does not effect the results

which appears convenient. However,

eventually. After combination with u, = h, — 2% and the ideal gas law, Eq. (1.16)

v

becomes

v

uy, = Ty(h — R) + hgy — Toch . (1.17)

For an incompressible fluid, the equation of state for enthalpy reads

1
h = ¢/ (T = To) + o (o1 = puo) (1.18)
!
and by using the definition for internal energy u; = h; — % it follows
Puo
!

By using the appropriate stress tensor, Eq. (1.14) or (1.15), and equations of state,
NSF can be used to model liquid or vapor. Modeling evaporation is mainly a matter
of the corresponding interface or boundary conditions between liquid and vapor which

are discussed in the next chapters.



Chapter 2

A Transient Simulation on

Evaporation

2.1 1-D, Non-steady evaporation problem

To gain an insight into the physics of evaporation processes, the Navier-Stokes-
Equations (NSF), Egs. (1.10-1.12) are considered. The system of interest, depicted

in Fig. 2.1, consists of a liquid and a vapor layer divided by an interface. Equilib-

T, (x = H) = Ty, po(@=H) =pw
Jjt ), Q¢ ) vapor L, (t)
Tv (tle) = ﬂ)
Ty (t, L) =T,

Ly (t) Ix

Tl (x = 0) = Tbl
Figure 2.1: Evaporation in one-dimensional and non-steady state system.
rium pressure of the system, when no evaporation occurs, is the saturation pressure

at temperature T, po = Psat (To). The driving force of evaporation is the controlled

pressure at the top boundary

po(z = H) = pp , (2.1)

which is set to py, < po. Simply speaking, vapor is pumped out of the top boundary
which decreases the pressure at every location in the system and therefore forces

evaporation. As result, mass and convective heat (j and @) are transferred from



Equilibrium pressure:
Vaporization enthalpy:

Po = Psat (298K) = 3169 Pa
hl, (298K) = 2442.3 - 10° .2
g

Specific gas constant: R = 461.9@4[(
Density vapor: Po0 = 1%0
Density liquid: pi = 100025
Isobaric specific heat vapor:  ¢? = %R

. S _ J
Specific heat liquid: = 4180kg—K
Thermal conductivity vapor: £k, = 0.014%
Thermal conductivity liquid: k; = 0.55%

Table 2.1: Material properties for water.

vapor velocity
Vapor pressure Po(2,0) = po = Psar (To)

liquid pressure pi(x,0) = po = psat (To)
temperature Ti(z,0) = Ty(z,0) =Ty
position interface L;(t = 0) = Ly

Table 2.2: Initial conditions for non-steady evaporation system.

liquid to vapor and out of the system at x = H. The choice of equilibrium pressure
allows for small differences between p,, and pg to start evaporation. Additionally the

temperatures on bottom and top

T)(x =0) =Ty, = const. (2.2)

T,(x = H) =Ty, = const. , (2.3)

are controlled and if not set to T}, evaporation can be driven by them as well. The
liquid layer is at rest (v; = 0) while being depleted, as a result the interface moves
into the negative = direction with velocity v,. The controlled boundary conditions,
Egs. (2.1-2.3) are chosen to be constant in time. The system is much wider than it
is high, which minimizes impact of left and right boundaries and allows for a one-
dimensional description. The interface is assumed to be an infinitesimal thin volume
by letting its height approach zero, Ax — 0. Material properties for water are taken
out of Table 2.1. The initial conditions (¢ = 0) are depicted in Table 2.2. It is desired
to obtain a full thermodynamic solution of the system with simplified NSF.



2.2 Simplification of NSF equations for

one-dimensional system

For heat and mass transfer for one dimension in space, the mass- and momentum
balances (1.10, 1.11) for the vapor bulk become

Ipy | Opuvy
=0 2.4
ot Ox ’ (2.4)

0pyUy 0
St g (el p—on) = pufi (25)
with the simplified compressible stress tensor (1.14) as
4 ov

011 (B/L—FV) o ( 6)

The momentum balance for vapor is further simplified by neglecting gravitation,
which is justified due to low mass density of vapor. The square of velocity is neglected
due to slow fluid flow and also the stress tensor which, relative to temperature or
density, is assumed to have a small impact in the present system. Then the momentum

balance reduces to 5 50T
p’U/U’U p'U v
R
ot + oz

where the ideal gas law p = pRT was introduced. The one-dimensional energy balance

~0, (2.7)

for vapor reads

Dpy (uy + 202 0 1
( g 2 ) + E (pv (uv + 51}5) Uy + Py + Gy — 011%) = pufivy . (2.8)

With the same assumptions as the momentum balance, the energy balance can

be reduced to 5 5
PoUy o
at + 61’ (thvpv + qv) - O ) (29)

where h = u + % was introduced. By using Eq. (1.17) together with Fourier’s heat

conduction, Eq. (1.13), and under the assumption of constant thermal conductivity
k., the energy balance for vapor becomes

2
op, T, » v pT, 0°T,

5t k=0 (2.10)




vapor liquid
mass aéot - ag”;” =0 % =0
momentum 3,2;;% + Ragva =0 % =0
megy (- B2l Ty 0Ty 0 0Ty 0T

Table 2.3: Simplified Navier-Stokes-Fourier equations for non-steady evaporation sys-
tem.

With constant density, the mass balance of the liquid layer reads

8?)1

—=0. 2.11
e (2.11)
By recalling, that the liquid is it rest, and under the same assumptions as for the

momentum balance for vapor (2.5), the momentum balance for liquid simplifies to

Opy

— =0, 2.12
e (2.12)
which may be integrated trivially and leads to constant pressure p; = const. in the
liquid layer. The gravitational force and therefore the hydrostatic pressure is ne-
glected by considering a thin liquid layer. By taking into account all previous stated
assumptions and with Eq. (1.13), the energy balance for liquid becomes

ou  Ogq

szJr%:O , (2.13)

and by using Eq. (1.19), it further simplifies to

o1, T,

The bulk equations for liquid and vapor are summarized in Table 2.3.



10

2.2.1 Linearization and non-dimensionalization of NSF

Linearizing around an equilibrium state defined over temperature 7}, density p, and
pressure pg = psar (To) allows for further simplification of the bulk equations as stated
in Table 2.3. The equations below describe the relation between dimensionless devi-

ation to equilibrium (overbar) and regular variables

T=To(1+T), p=po(1+p), p=po(1+D), (2.15)

T = Lfk, t= —f, Vi = U()Ek .
Yo

The equations in Table 2.3 are modified by applying (2.15) and ignoring all terms,
which are non-linear in the deviations to equilibrium. This method is based on
the dimensionless deviations (close to equilibrium) being represented by a value N
with —1 < N < 1, so that multiplication with other deviations always leads to a
product, which is smaller than any of the factors. All variables are non-dimensional
and describe the deviation from the equilibrium state. Hence, mass and momentum
balances in the vapor become
dp, 00U,
7t

~0, (2.16)

v v 0T | 0p
RTy 0t 0z O
The factor RTj in (2.17) has the same order of magnitude as the speed of sound which

=0. (2.17)

for an ideal gas can be written as a = \/&RT,, with x = 2. Slow evaporation in the
order of magnitude of vy = 17 is assumed and therefore Rv—% < 1. This allows to
neglect the time derivative in (2.17). For obtaining a simple solution it is desired to
decouple the equations in Table 2.3 as much as possible. Note, that in the solution
later on, the time and velocity scale is changed, where vy = v/ RTj was used. Hence

the momentum balance in vapor becomes

O (T»+7p,)

= 2.1
P o, (218)

which after integration reads

T,+p,=C(t)=p(x = H,t) =Py, (t) or 7, =Dp(t) — Ty . (2.19)
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The ideal gas law, which in linearized and non-dimensional form (deviation from
equilibrium), assumes the form p, = —T, + P, and is used to eliminate density in the

momentum balance for vapor (2.18), which after integration becomes
]_)v = pbv . (220)

With Egs. (2.12) and (2.20), the pressure in the entire system is constant and equal to
the controlled pressure py, on the top boundary. The integrated momentum balance
for vapor (2.19) is plugged into the mass balance (2.16) and with apg—%(t) = 0 the

modified mass balance for vapor becomes

or, _ om,
ot oT

0. (2.21)

The energy balance for vapor (2.10) after linearization and non-dimensionalization

reads o o
oT, k, 0°T,

(% B pvovoL 8?2

op
—R—+ (- R
Tt (@ - )

By using the integrated momentum balance, Eq. (2.19) again, the energy balance for

~0. (2.22)

vapor becomes - B
oT, RT, o°T,
(% vCﬁpoUoL 8§2

Having the temperature as unknown only, the discussed simplifications decouple the

0. (2.23)

energy balance from momentum and mass balances and make it therefore simple to

solve. Finally, the mass balance (2.21) is combined with the energy balance (2.23) to
find -
v, RTy, 0°T,

— ky =0. 2.24

oT Cgpo'l}oL 8?2 ( )

After integration, Eq. (2.24) allows to calculate the vapor velocity v,(z,t) depending

on vapor temperature T, without the issue of solving a time derivative. Mass and
momentum balances of liquid, Eq. (2.11) and (2.12) do not change their appearance
in linear and dimensionless form. The energy balance for liquid (2.14) slightly changes

in linearized and non-dimensional form and reads

6Tl k; 827l
— — =0. 2.25
ot Lpicivg 02 ( )

A summary of the Navier-Stokes-Fourier equations, simplified, linearized and in non-
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vapor liquid
v, RT, 0°T, on;
- kv =0 — =0
HHass oT Apovgl 07> ox
op opi
t ° =0 — =0
momentum  —— 5
oo or, , Ry &T, 0L, kT _
&Y ot YApovol 0T ot Lpcuy 0T

Table 2.4: Simplified, linearized and non-dimensional Navier-Stokes-Fourier equations
for unsteady evaporation system.

dimensional form is given in Table 2.4.

2.3 Defining and simplifying the boundary condi-

tions

For integrating the equations in Table 2.4, boundary conditions and interface con-
ditions for velocity, pressure and two temperatures for both vapor and liquid are
required. Three boundary conditions are found in Egs. (2.1-2.3) by controlling tem-
peratures at both boundaries and pressure at * = H. The mass balance (1.10) is

integrated around an interface between liquid and vapor and becomes
~Ly _  Lisk
R (226)

with the liquid and vapor velocities ﬁlL " and vl at location L; from the perspective of

an observer moving with the interface. By using Galilei transformation one obtains

~L; ~L; _ I, L
vt =t =t =t (2.27)

with vt as velocities observed from a laboratory reference frame. The liquid is at

rest so that vlL "= 0. The liquid reservoir is depleted by evaporation and the interface

between liquid and vapor moves towards x = 0, with velocity vy = %. The relative

liquid velocity from an observer moving with the interface is found by observation as

N dL
ol = —d—tl = —u, . (2.28)
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For Eq. (2.27) follows

gl =yl 4L
dt

Eq. (2.28) and (2.27) are substituted into the integrated mass balance for vapor (2.26),

which then becomes

(2.29)

dL Liy L
dli _ oy (2.30)
dt p'l}l —_ pl
The momentum balance (1.11) integrated around the interface reads
U A = P T (2:31)
Again the square of velocity is neglected so that
pt=ph. (2.32)

The energy balance, Eq. (1.12) integrated around an interface between liquid and

vapor reads
POy b+ gt = plolhy + gl (2.33)

For simplicity it is desired to use velocities from the laboratory reference frame.
The integrated energy balance (2.33) is manipulated by using Egs. (2.28, 2.29), heat
conduction according to Fourier (1.13), the caloric equations of state, (1.16) and
(1.18), and the integrated mass balance (2.26). It follows

o (T ~T) 4 15) b
- _ L
ox ki \ + ((—&T, + &Ty — hgl) pE+ pey (T) — Tp)) (—Z;Z“”pl ) — ky ag;l
v TPl

(2.34)
Two evaporation interface conditions are found over the Onsager theory, which utilizes

an integrated entropy balance [17][18]:

Ll Ll Ll
Psat — Dy

N P O
=) tTrie—_ (2.35)
\/2n RT}] RI
L, (TULZ — ELZ> L,
_ Dsat — ?Qlel + Ty (8 . (2.36)

V2rRT,  TH RT}



14

v

Li Tiok, 1 oT, 1 Li _ poliTh
vap. vel. ULZ = — <pv — 1) 7;\12 T |: :| + — DPsat Py Ly
Pr TR pt T L 0T |y, Tap! W

vap. pr. po(H,t) = pp, = const.
liqu. pr. P = Py

liq. tem. T,(0,t) = Ty, = const.

| R G e A
iq. tem -_— N L
) O |y, ki \ + (=T + T = hg) oy + par (Ti — Tp)) <%>

vap. tem. T,(H,t) = Ty, = const.

L, _ L
vap. tem [8Tv} __£B Th | 7y pl (ULl_ Pf”&?) Psi <T” T )
8.73 Ll ?/:22]{1) l v v pr[[;l _ pl /27TR7'VZ j-vlLl
dLl pfl[}’l'ug’l
surf. vel. — = .
dt pUl J— pl

Table 2.5: Evaporation interface and boundary conditions for non-steady system.

The Onsager coefficients, which describe the linear relation between thermodynamic

fluxes and forces can be taken from (D.2) or (D.3) in Appendix D. Eq. (2.35) is

L

manipulated by using jX = pliplt or jit = pki (val —

ideal gas law and Eq. (1.13) and (2.30) it follows

) for mass flow and with the

i (i B 1) Fioky 1O 1 pay — Rpp Ty (2.37)
v = Lok ~ I .
pr Pl pT O Tapdt | Jor gk
Eq. (2.36) is manipulated in the same manner and then reads
Ly _ Ll
aTle _ R TLL ?21le (,ULI _ pzlj/lvil)ll ) pfcit (Tvl Czjl ) ) (238)
Ox  Tak, Y plb— V21 RT, T

Table 2.5 summarizes all interface and boundary conditions for the one-dimensional

and non-steady system.
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;’\12]{7UT0 {870}
vap. vel. Tk = 1 (1 _ > rupol | 0T |
Vo

RTop 1 < 0 7kt —L )
—————— | pohy T, — RT; !
Fuapov/2rRT, \e T T

vap. pr. Dppy = — —

liqu. pr. Dl = Do

. — T
lig. tem. Ty = ?l;l -1
, aTl] 1 { Lpwohuo ( P ) oT
lig. tem. —| ==Lk )tk | =
q [ 0T L k; < T, Pvo — Pl T L
_ TU
vap. tem. 1%, = 730 —1
oT, LR [ ) I Do _
. tem. == vo | — by —— (T,-T
vap. e { oz :|Lz Tagky (T21p ’ ( Pvo — Pl) v V21 RT ( l)
dfl onﬁfl
surf. vel. — = —"—"
dt Pvo — Pl

Table 2.6: Linearized and non-dimensional interface and boundary conditions for
non-steady system.

2.3.1 Linearizing and non-dimensionalizing the boundary con-
ditions

The interface and boundary conditions, Table 2.5 shall be linearized and non-dimensionalized
in the same way as the Navier-Stokes-Fourier equations by using (2.15). The satura-
tion pressure is approximated with the Clausius-Clapeyron equation which in linear
and non-dimensional form (variables denote deviation to equilibrium) can be writ-
ten as Psar (Tl) = ;—%)ﬁ. The linear and non-dimensional boundary conditions are

summarized in Table 2.6
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2.3.2 Analytical steady-state solution

A full set of equations to describe Fig. 2.1 is obtained from the simplified Navier-
Stokes-Fourier equations in Table 2.4 together with the initial- and boundary condi-
tions given in Tables 2.2 and 2.6. For gaining a steady-state solution, one considers
, dst’ = (0. With all time deriva-
tives being zero, the temperature profiles which follow after integration of Eq. (2.23)

the interface between liquid and vapor to be fixed, i.e.

and (2.25) are linear and the solution of the vapor velocity implicitly given by (2.21)
is constant. As comparison to the non-steady solution, a steady-state solution shall
be obtained by solving the two modified Onsager boundary conditions (2.37,2.38)
together with the integrated energy balance (2.34) and the controlled boundary tem-

peratures as a linear system. The solution must satisfy

= (A, + Bix) , (2.39)
T, = (A, + B,x1) , (2.40)
v, = C, = const. . (2.41)
For the linear system it follows
hg T12ko T, RT; ﬂel
fl?n\/??lfRTo 0 0 f 7"11p0L0 I 1h Al fl?u\/;iRTo
ko Pv0lt V0
0 0 1 — e A, 0
A R N . S
1 0 —io 0 0 B, -1
0 10 (f) 0 Cy T —1
(2.42)
with the constants: |
= (1-22) (2.3
Vo Pl
LR Do
=, 2.44
J: Tasky /27 RTy (244)
S (2.45)

Pvo — P1
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2.4 Numerical method

2.4.1 Computational domain and discretization

The simplified NSF equations, Tables 2.4 and 2.6, shall be solved numerically in the
following. Due to simple geometry, a uniform mesh, depicted in Fig. 2.2 for both liquid

and vapor appears convenient. The height of the system is split into /N; subdivisions

At =k
A " | |
i=N,+1
Az, (t) = hy(t)
Vapor
Interface jiz 1 M +1
i=N+1]
—Axy(t) = ()
Liquid
t
i1 =1 »
j=1 M+1

Figure 2.2: Discretized computational domain for non-steady evaporation system.

of size Ax(t) = h(t) for liquid and N, subdivisions of size Ax,(t) = h,(t) for vapor
with h; (t =0) = h, (t =0) = h. The location is given by i, = {1,..., N, + 1} for
space and j = {1,..., M + 1} for time. The differential equations (2.23) and (2.25)

are of the form

or  o0°T
g = 2.4
o o (246)
which after discretization may be written as
oT o*T
ot i1 0T i1

An explicit form is obtained by using a forward difference for the time derivative and

a central difference for the spatial derivative given as

8T Tij_Tij—l
— = - k 2.4
[atle Lt o . (2.48)
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0*T Tiv1j1—2Tij1+Ti1j
il — — L I L O (RE) 2.49
{852] : h? () (2:49)

1,j—1
By approximating derivatives with finite differences, an error O(h?) is introduced.

The explicit solution for the temperature profiles reads

L Eo_ _ _
Ti;=T;;1+ s (Tis1jo1 — 2T 51 + Tim1j1) - (2.50)

The velocity may be calculated with Eq. (2.24), which is of the form

ov, 0*T,

For velocity at ¢ = 2, a first order backward and a second order central difference are

used which are given as

o, V2,5 — Uu,1,j
— 8 T h 2.52
(5), =" o), (252

27, Toa:— 9Tuss + Tors
<3 ) = Losg =2 eai 1wl g 2 (2.53)
2,5

oT? h2

Since a central difference of higher accuracy can not be used for (%%)Qj at i = 2,
a backward difference (2.52) is necessary. Then the explicit form for calculating the

velocity at ¢ = 2 becomes

v ,— — —
U%Q,j = h_ (Tv,S,j — 2TU72,]' —+ Tv,l,j) + Uv,l,j . (254)

v

For velocity at ¢ = 3...N, + 1 two second order central differences are used:

ov, o Vyij — Uvi—2,j 2
= = Dotd i) 4 o (p 2.55
= (5) =T o) 25
v _ v, v,i—1, V,0—2, 9] h2 ) 2.56
|: afz :|z 1,5 h% + ( U) ( )

The velocity follows as
_ 2 _ = — — _

Uij = 77V (Toij — 2T i15 + Toi2y) + Vo2 - (2.57)

v
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11 vaoh(g)ﬂfo ?IZkUTO kv L
= ———7—, C=—= , 3=, 4= RIopop,’
vo ki Ty rupolL K !
1 1 210
Cs = < ) Ce = - ) Cr = = )
Fuupo/2n BT, (ekeor — Porpuo Bt ) Tupo v 2w Rl

DPo

Cg = —————, c9=pohY .
8 V2R, 9 = Polty

Table 2.7: Constants for the solution of linear system

Equations to determine T; (N; + 1), T, (1) and , (1) are found in the two evaporation
Onsager boundary conditions (2.37,2.38) and the integrated energy balance (2.34).
One sided differences as below are used for the three equations which form a linear

system:

(aﬁ) 3T,y + 4T — Tua
1,5

2
ox 2h, +0 (h”) 7

+0 (h) . (2.58)

(8_71) _ Tin-1;— 4T N, j + 3TN 41
0% ) Nyt 2h

The first Onsager boundary condition (2.37) is used to eliminate the vapor velocity
Uy (1) in the integrated energy balance (2.34) and in the second Onsager boundary

condition (2.38), and the linear system follows as

(34 2mercseg) =3 (cren — ) 3t Tinn | _
—th (060769 — CGCg) (—3 — QhUCGCg) Tv,l,j
2heresey — Tin—1j + 4T N, — (c102 — ¢3) Z—i (4Ty2; — Ty 3;) (2.59)
—2thGC7C4 — 4TU727]‘ + Tv,fﬂ,j ’ ‘
with the constants ci, ..., c9 given in Table 2.7. After solving the linear system, the
Onsager boundary condition (2.37) can be solved explicitly for the vapor velocity at

the boundary 7, (1). The discretization of the remaining boundary conditions from

Table 2.6 is trivial and not further discussed here.

2.4.2 The Matlab algorithm

The non-steady evaporation problem is solved in Matlab for which the algorithm is

illustrated as a flow chart in Fig. 2.3. Due to decoupling of the differential equations



Defining constants and input parameters

> While jk < t

maz

| Initia]izing Ty and Tl,old time step

!

| Variablesold time step — Variablesinterpolated |

|
v
Calculate T}, in bulk
Calculate T; in bulk

Calculate Ty (N, + 1) & T, (1)
by solving linear system of b.c.
Calculate v, (1) with b.c.

Calculate v, bulk

|Saving every 500 time steps & dimensionalizing|

| Calculate L;, by pew & hv,new|

v

b Ly initiat — Ninitial | False
l,new < N
initial

¢ True
Calculate Ny — 1, Ny, + 1, hynew & Py new

!

Interpolation — Variablesinter polated

)
J =1
\4

Y
End

Figure 2.3: Flow chart for numerical solution of non-steady evaporation system.
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after simplification, simple explicit solutions can be obtained.

Moving interfaces can be modeled either with dynamic mesh or a level set method,
Ref. [19]. Due to simple geometry, a dynamic mesh is chosen here. For every time
step j the new position of the interface must be calculated by solving Eq. (2.30). This
leads to growing spatial step sizes in vapor h, and decreasing spatial steps in liquid
h;. This issue suggests to swap nodes after a certain difference between h, and h; is

reached, i.e., Ny = N; —1 and N, = N, + 1. A criterion is suggested in

Ll7initial - hinitial

hl,new < hcritical = (260)

Ninitial
The critical step size of the liquid hepiticqr corresponds to the time, when the

interface reaches the next closest node of the initial state, as shown in Figure 2.4.

Az = Ry initial
T No=N-1
Az = hl’C”“Cal ! : Azr = hlﬂ'm’tial
N,=N,+1
X
t

Figure 2.4: Dynamic mesh for non-steady evaporation simulation.

With and without node-swap, all variables are interpolated to the new grid after

every time step.

2.5 Results of the non-steady simulation

Explicit numerical methods are restricted to the CFL-criterion, given as

k 1
— < = 2.61
ah2 2 ’ ( )
with a = kvcpzlfo—z;o(ﬂ: for vapor and vy = VRTy. To guarantee a sufficient number of

subdivisions for thin fluid layers it is desired to choose the spatial step size h small
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Controlled pressure: po(z = H) = 3000Pa
Controlled temperatures: — T,,(z = H) = T)(x = 0) = 298K
Evaporation coefficient: ¥ =0.5
Onsager coefficients: = %9 — 0.40044
r12 = 0.126
?22 - 0291
Initial lengths: L,=L;=0.1mm
Initial spatial subdivisions: N; =N, =7
Number time steps: M = 74,200, 509
Initial spatial increment: h =1.31-10"%mm
Initial temporal increment: k =5-10""s
Duration: tmax = 10sec

Table 2.8: Input parameters for non-steady evaporation simulation of thin water
layer.

enough. For predicting outcome as far in the future as possible, this effort competes
with the need to choose large time steps k. Here, the CFL criterion for the vapor

layer is more critical than for the liquid.

2.5.1 Evaporation of water in microscopic system

By using material properties from Table 2.1, slow evaporation of pure water from a
thin liquid layer shall be computed. The driving force of the system is pressure on
top boundary p,(x = H) only, given with other input parameters in Table 2.8. The
input parameters are chosen in a way to gain a relatively high Knudsen number of
Kn = ‘“;—fTT = (0.01. The Onsager coefficients for the interface conditions in Table 2.6
are taken from (D.2). For staying in the linearized regime, a small pressure difference
of 169Pa between p,(x = H) and py = psat (298K) = 3169Pa is chosen. Initially, the
liquid and vapor layers are equal with L, = L; = 0.1mm. Even though the Knudsen
number is still in a very moderate range, the CFL criterion makes it difficult to
gain enough spatial subdivisions while minimizing the temporal subdivisions (M =
74,200, 509 for 10 seconds). The output of the simulation is summarized in Table 2.9.

The liquid layer shrinks in 10sec by only 0.023mm. The liquid temperature at
the interface T; = 297.1244K is slightly larger than for vapor with T,, = 297.1146 K,
though for a significant temperature jump, a Knudsen number of 0.01 appears to
be too small. One node is swaped during the simulation. The temperature profiles

for liquid and vapor for different times are depicted in Figure 2.5 and compared to
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Liquid height: L, (t = 10sec) = 0.077Tmm
Temperatures: T, (x = Ly, t = 10sec) = 297.1244K
T, (x = L;,t = 10sec) = 297.1146 K
Spatial subdivisions: N, =8
Nl = 6
Computational time: tompute ~ 8.5 min

Table 2.9: Output parameters for non-steady evaporation simulation of thin water
layer.

the analytical steady-state solution, Eq. (2.42). Note that the steady-state solution

——0.0008s Vapor
— | =———=0.005s T T T T T T
0.05s
— 0.1 D
IS 0.1 0.1s O
£ 5s
‘g 10s
] 0.05 O  analyt. steady b
>
0 1 1 1 1 1 1 1 1
-1 -09 -08 -07 -06 -05 -04 -03 -0.2 -0.1 0
Liquid
0.1 [~ Tn T qT T T T T
(&)
= o
E 2 o
g 0.05 [ o
i)
>

0 1 1 1 1 1 1 1 1 1
-1 -09 -08 -07 -06 -05 -04 -03 -02 -0.1 0

Deviation from Equilibrium-Temperature [K]
Figure 2.5: Temperature profiles in liquid and vapor for non-steady simulation.

(circles) is obtained for a fixed interface and L, = L; = 0.1mm, which corresponds
to t = 0s. In the liquid layer, steady state is reached between 0.005s and 0.05s after
pressure deviation from equilibrium at the top boundary was initiated. In the vapor
layer steady state is reached even faster. Since the interface has not moved very
far after this short time, the agreement between steady and non-steady solution is
excellent for 0.05s (green line) and 0.1s (yellow line).

Figure 2.6 gives an overview about thermodynamic quantities. One notes the
negative conductive heat flux in the vapor which suggests conductive heat transport

opposite directed to the fluid flow. This means that part of the required energy for
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Figure 2.6: Thermodynamic quantities for non-steady evaporation system.

evaporation, the vaporization enthalpy, comes from the top boundary. Though due
to the convective heat flux which is dominant here, the overall heat transport in
the vapor is positive as expected. The observation of the moving interface allows to

calculate the interface velocity, which is nearly constant, see Figure 2.7. The average

mm
sec ’

interface velocity within 10 seconds is 0.002
For conducting simulations in the transition regime, the CFL criterion appears to
be an issue. Fot future efforts it might be desirable to use an analytic solution or

implicit numerical method which is not bound to the CFL restriction.
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Figure 2.7: Linear approximation to liquid depletion:
(linear approximation).
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Chapter 3

Derivation of Evaporation
Boundary Conditions for the
Linear R13-Equations Based on
the Onsager Theory

By combining the Grad and Chapman-Enskog methods into the order of magnitude
method, Struchtrup and Torrilhon derived the regularized R13 equations, macroscopic
transport equations which account for effects in the transition regime [11][20]. Like
all macroscopic transport equations, the R13 equations are an approximation of the
Boltzmann equation. R13 introduces higher moments which have a large influence in
the rarefied gas regime and small influence in the regime of small Knudsen numbers.
Coefficients within the R13 equations allow quick adjustion between different colli-
sion models, such as Maxwell molecules, hardspheres or the Bhatnager-Gross-Krook
(BGK) model [11]. In the following, only Maxwell molecules will be considered.
Based on microscopic evaporation boundary conditions of the Boltzmann equa-
tion, Struchtrup et al. derived macroscopic evaporation boundary conditions for R13
[18]. These equations which are referred to as MBC (Macroscopic Boundary Condi-
tions) in the following show promising results for Knudsen numbers in the transition
regime. Here we seek to derive improved evaporation boundary conditions by using
an entropy balance integrated around an interface between liquid and vapor phase.
Based on the Onsager theory, the integrated entropy balance is rewritten as sum of

thermodynamic fluxes and forces [21]. The Onsager theory assumes linear relations
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between fluxes and forces and allows one to break the entropy balance into sets of
equations, which we utilize as evaporation/condensation boundary condtions [22][23].

A challenge lies in determining the Onsager coefficients, which provide the lin-
ear relations between fluxes and forces. The linear R13 equations, accompanied
by the new phenomenological boundary conditions (PBC), are solved for two one-
dimensional steady-state systems. The first system consists of a vapor phase in
between two liquid reservoirs. A DSMC solution for this system is used to fit the
Onsager coefficients and to compare the results with the MBC for R13 and also with
two Navier-Stokes-Fourier models, which use the Onsager theory as well. The second
system is a half space problem [24], for which dimensionless numbers are used to
compare the different models.

The remainder of the Chapter proceeds as follows: Sec. 3.1 gives an overview
about the R13 equations and the corresponding macroscopic evaporation boundary
conditions based on kinetic theory. Sec. 3.2 explains the derivation of the Onsager
boundary conditions. Sec. 3.3 shows how the Onsager coefficients are determined,
mainly by fitting to DSMC data. The work is discussed in Sec. 3.3.5, Sec. 3.3.6 and

in the conclusion, Chap. 5.

3.1 The R13 equations

All equations shall be non-dimensionalized and linearized around an equilibrium state,
defined by a reference density for vapor py and reference temperature 7. The equilib-
rium pressure for both liquid and vapor is defined as pg = psq: (Tp). We shall consider
small deviations from equilibrium, caused by pressure or temperature gradients, to
drive evaporation or condensation. Non-dimensionalizing allows to introduce mean-
ingful coefficients into the equations, e.g., Prandtl or Knudsen numbers. The relations
(2.15) which show the connection between variables denoting non-dimensional devi-
ation from an equilibrium state (with overbar) and regular variables, are extended
by

qk = pPo RT03§k7 oix = poRTo0, (3.1)

h=ho(1+h), n=ps=mn(l+7),

L _
t.
vV RIy

Vi = RT()@]“ t=
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Here, n = ps is the entropy density and the reference velocity in (2.15) was set to
vg = v R1y. If not otherwise stated, all following equations use variables denoting
deviation from equilibrium, the overbars are neglected. The conservation laws for

mass, momentum and energy (1.10-1.12) are given in linearized and dimensionless

form as 5 5
P Uk
T 2
8t + (‘9xk 0 ’ (3 )
8% 80“6 8}9 .
ot " omy om U (33)

200 " Duy " owe
The ideal gas law p = pRT assumes for the non-dimensional and linear case the form
p = p+ T, with all variables describing the deviation from the equilibrium state.
Equations for heat flux vector g, and stress tensor o;, become full balance equations
beyond the hydrodynamic regime. By means of the order of magnitude method,
Struchtrup & Torrilhon derived the following (here linearized & non-dimensionalized)

balance equations from the Boltzmann equation, Ref. [20]:

agt"j %Prg—zgz; + %m—;:“ = —%KL {aij + 2Kn§;’ﬂ , (3.5)

Ty e o ] Rl R
The higher moments are defined over the relations [20]

A= —ilffg—i , (3.7)

Ry = —?f—i% , (3.5)

Mije = —if;%:j . (3.9)

By using the Chapman-Enskog expansion while considering low Knudsen numbers,
Egs. (3.5, 3.6) reduce to the laws of Navier-Stokes and Fourier, i.e., the left hand
sides become zero [11]. The balance laws (3.5,3.6) use the higher moments A, Ry
and myj,. Here, Pr = ”kﬁ denotes the Prandtl number, with p as dynamic viscosity, ¢,

as isobaric specific heat and k = % w1 as thermal conductivity. The Knudsen number
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w9 wy =0, b Pr Prgr Pry Pra
MM 2 3 45/8 2/3 7/6 3/2 2/3
BGK 2 2 5/2 1 1 1 1

HS 2.02774 242113 5.81945 0.6609 1.3307 1.3951 0.9025

Table 3.1: Coefficients for Maxwell (MM), Hard Sphere (HS) and Bhatnager-Gross-
Krook (BGK) models for stress tensor and heat flux vector.

wRT
pL

are coefficients which account for different collision models, such as Maxwell, hard-

is Kn =

with L as characteristic length, e.g., diameter. Here, 6, 04, W, and ws

sphere and BGK models. In the following sections only Maxwell molecules are used.
The corresponding coefficients for Maxwell, Hard Sphere or BGK models for stress

tensor, heat flux vector and higher moments can be found in Table 3.1 [21].

3.1.1 Macroscopic evaporation boundary conditions for

Maxwell molecules

Based on microscopic evaporation boundary conditions of the Boltzmann equation,
Struchtrup et al. derived macroscopic evaporation boundary conditions (MBC) for the
R13 equations [18]. In these, interface effects are described through the evaporation
coefficient 9 and the accommodation coefficient x. The evaporation coefficient equals
the condensation coefficient, which is the probability that a vapor particle hitting the
liquid interface will condense [25].

For the case that a vapor molecule hitting the liquid interface is reflected back
to the vapor and not being absorbed, Maxwell proposed an accommodation model
which is based on the assumption that the fraction x of the vapor molecules hitting
the liquid surface are diffusively reflected, i.e., with momentum and energy exchange,
and the remaining fraction (1 — x) is specularly reflected, without energy exchange
[14]. After non-dimensionalization and linearization around an equilibrium state, the

MBC for evaporation [18] assume the form
2 v 1 1 1 1
=) 2 (o (T — 7+ = (T9 =T — 209 + — A+ — R, 1
v \/;2_19<pt<) p—|—2( ) 5%+ Tog +28R),(3 0)

2 9+ y(1—9) N1 1 5 1
R 2(T9 T + =09 + —A+ Ry | —=V9, (3.11
fn \/;Q—ﬁ—x(l—ﬁ) ( )+t A o Vi (31D
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72—0—x(1—=0)\5 5™ 750 14

_ 2 V+x(1—0) [— 1., 1_
nk — —A\/ — V —q S Mnn )
ok \/;2—19—x(1—19) ¢ T 5T gk

_ 2 VX1V (o 11, 1_
nk — - - = — S Mnn ) 14
B \/;2—19—X(1—19) Vi = 5 = Mk (3:14)

N ”__\ﬁ ¥+ x(1—9)
Tnid = TN T 9 — (1 — )
1

1 ~ 1 1 1
G+ —Ry+ (= (T9=TY — 0% + —A)6; ) +=6,V9. (3.1
<aw+14RJ+<5( ) 50m+150 ) ]>+5 VI (3.15)

mmm:\/§ U+ x(1-9) (E(Tg_Tl)_zag +iA—iRm>—§Vng,
(
(

Here, the index n refers to the direction normal to the interface. The variables
are tensor components where the overbar denotes the normal-tangential- and tilde
the tangential-tangential parts, see Appendix B. Note that all variables describe the

deviation from an equilibrium state.

3.2 Deriving the evaporation boundary conditions

We aim to derive phenomenological boundary conditions (PBC) for the regularized
R13 equations for a liquid-gas interface. The approach follows Ref. [21] in which a
reduced entropy balance is used to derive boundary conditions for a wall-gas interface.
The entropy balance for a fluid with dimensionless entropy density 77, entropy flux ¥y

and entropy generation rate X, reads

07 O

5 * o = Soen (3.16)

Eq. (3.16) shall be integrated over a small volume of area AA and height Az across

the liquid-vapor interface. By using Gauss’ Theorem, the integrated entropy balance

/ %dv+f UynpdA = / SgendV . (3.17)

AAAx OAV AAAzx

becomes
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For Az — 0 the first term vanishes and (3.17) reduces to the entropy balance for the

interface,
(\Ili - ‘1/2) ng = Zsurface . (318)
| ZgendV
Hence, the entropy generation rate Xy face = “#2r—— is equal to the difference in

the entropy fluxes entering and leaving the interface. In the following, all variables
on liquid side are indicated with superscript [ and all variables on vapor side with g.
A linear combination of manipulated mass, energy and entropy balances (Appendix

A) leads to the (linearized and non-dimensional) entropy flux on the liquid side as
L A (3.19)

Here T, p and v are deviations to an equilibrium state defined by Tj, po and py =
Psat (To). For the linear R13 equations and the vapor side, the linearized and dimen-
sionless entropy flux (Appendix A) is

T2 g 292

\I’i:—(PQ"‘T‘q)%_Uzazk quk:__Prqz zk__a Mgk — 95

Ay

3
(3.20)

Furthermore the (linearized and non-dimensional) balance laws for mass, momentum

and energy integrated around the interface similar to (3.18) become

proLny = povinE (3.21)
p'ng 4+ olong, = pIng + ol (3.22)

hi hd
Rp/l)o%o veng, + ghng = R N . (3.23)

The variables v}, and vj are the velocities on liquid and on vapor side at the inter-
face, from the perspective of an observer resting on the interface. The entropy fluxes
(3.19,3.20) are plugged into the integrated entropy balance (3.18). Egs. (3.21-3.23)
are used to eliminate most variables on liquid side. All variables describe the deviation
from equilibrium, are dimensionless and linearized. After applying the appropriate
coefficients for Maxwell molecules, according to Table 3.1, using the Clausius Clapey-

0
ron equation [2] (linearized and dimensionless) in the form py, (1) = ;—%ZOTI and by
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considering p; > py one may write (3.18) as below

1
J,‘an% (psat (Tl) — pg) — (Tg — Tl) @ng — Viodng — % Pr gl o, ny,
w 20 A
- faz‘gjmijknk - 2_52 (Pr)z (quRzknk + gqgnk> - Esm“face . (324>

where V; = v — vl JIny = povini and the corresponding ideal gas law, given as
p? = p9 —TY9 was used. To accomplish a proper entropy balance for the linearized
equations, terms up to second order are kept.

Next, the entropy balance is split into normal and tangential components. All

matrices and higher moments are symmetric and trace free:

Z]surface = Jgpi [psat (Tl) - pg - Unn] (325)
0

2 A
+q [— (19— T — Z2 Pro,, — 2%2 (Pr)? (Rm + 5)]

5)
+ 3@2
Mpnn | — Onn
8

_ — w3 _ W __ - 20, _
+ Onk [—Vk T 5 Prg, — 7mnnk] + Rk [—E (Pr)z Qk}

~ TwWo
520
As before, overbar denotes normal-tangential- and tilde denotes tangential-tangential
components (Appendix B). If the mass flow J¢ vanishes, Eq. (3.25) simplifies to the
entropy generation at a wall-gas-interface, see Ref. [21].

The entropy generation may be written as a superposition of thermodynamic
fluxes J; and forces X; [22][23]:

o= JiX;>0. (3.26)

Here, moments with odd degree in the normal direction n are identified as fluxes, i.e.,
s Grs Monnns Tnks Rop and Mp;j, while moments with even degree in n are identified
as the corresponding forces, i.e., p?, T9, T', 0pn, Ron, A, Vi, Gp., Mipni and 0i;. Here,
p9, T, T Gpny Ron, O, Jn, @ and my,, are scalars, Vi, iy Mpnk, Onk and Rk

are vectors and o;; and m,;; are tensors. Furthermore, a linear force-flux relation is



33

stated within the Onsager theory to satisfy Eq. (3.26):
Ji=Y LyX;, (3.27)
J

where, L;; is a symmetric and positiv-definite matrix of Onsager coefficients with the
Omnsager reciprocity relation given as L;; = L;;. Only equations of the same tensor
rank are coupled over the reciprocity relation (Curie principle, [26]). This means that
all force terms of the same tensor rank superimpose each other and impact all fluxes

of the same tensor rank, hence:

Scalar fluxes:

Vng )‘O )\1 /\2 [psat (Tl) - pg - O-’rm}
@ =1 M X M\ [— (T9 = T") — 2 Pro,, — 22 (Pr)* (Run + 5)]
Mpnn )\2 >\4 )\5 [_%Jnn]

(3.28)
Vector fluxes:

Tuk \ _ [ G0 G [~V — ZPra, — o] 3.29
(f_%nk > < G G ) < [_% (Pr)qu] ) ) ( . )

Tensor fluxes:
?T”Lm'j = —Ho%gij . (330)

.....

For all Ay o = 0 one obtains the full set of phenomenological boundary con-
ditions for a wall-gas interface, see Ref. [21]. The interface conditions (3.29-3.30),
which consist of first order tensors (vectors) and second order tensors (matrices), re-
specitvely, have been fitted for a wall-gas interface in Ref. [21]. The fitting of (3.28)
for evaporation at liquid-vapor interfaces is discussed in Sec. 3.3. The new evapora-
tion boundary conditions (3.28-3.30) shall be referred to as PBC (Phenomenological

Boundary Conditions) in the following.
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3.3 Determining the Onsager coefficients

3.3.1 Comparison to previous macroscopic boundary condi-

tions

The structure between PBC and MBC is very similar, with the main difference, being
the coefficients. As first step to determine the Onsager coefficients within the PBC
at a liquid-gas interface (3.28-3.30), we try to use the coefficients of the MBC in a
way that all terms except those where higher order moments, i.e., A, R;;, m;;x, occur
are consistent with the MBC. This is justified due to the fact, that the MBC predicts
effects in the Navier-Stokes regime very well. In the transition regime, however, their
application seems to be more limited [18].

Since the higher moments are responsible for approximating rarefaction effects, a
difference between PBC and MBC in these terms is desired.

For a liquid-gas interface, the Onsager matrix of those boundary conditions with
variables of zero tensor rank (3.28) assumes the dimension 3x3, in contrast to the
wall-gas interface (V¢ = 0) where the dimension is 2x2 [21]. It follows that it is not
possible to have all terms which consist of p?, 0, and (Tg — Tl) equal between PBC
and MBC. Hence, one has a certain degree of freedom to choose which coefficients to

use from the MBC. Based on these thoughts, the following Onsager coefficients are

Ao = a@% : (3.31)

M= (%@%) | (3.32)
o= c <‘§\/§%> | (3.33)
). e

B 2 /2 9+x(1-9)
)\4—e<—5\/;2_ﬁ_x<1_19)> : (3.35)

suggested:
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1 (5 , 16 2 O+x(1-9)
= (35 + @ Pr) \/; 59 x(1=0)

As=f s \/Eiﬁ
T 2—

(3.36)

wo 15

To leave the coefficients adjustable, the factors a — f have been added. Even for
a=>b=..=f =1, the PBC differ from the MBC not only in the higher order
terms, but also in some lower order terms, see Appendix C. The boundary conditions
(3.29-3.30) have been fitted for a wall-gas interface in Ref. [21] and shall not further
be investigated here. To determine the coefficients a, b, ..., f by fitting to a DSMC
solution, two evaporation problems will be discussed, for which analytical solutions
for R13 with PBC can be obtained.

3.3.2 Simplification of R13 for 1-D problems

As can be expected, the present PBC just like the MBC give less accurate results
than methods that solve the full Boltzmann equation. The R13 equations and their
corresponding boundary conditions are approximations to the Boltzmann equation
and carry less information. The adjustable coefficients a-f in (3.31) - (3.36) leave six
degress of freedom to determine the Onsager coefficients.

It is of interest if the simplification of R13 to the Boltzmann equation can be
partly corrected by adjusting the Onsager coefficients. In this context we simplify the
linear R13 equations for one-dimensional and steady systems and solve them for two
problems, previously dicussed in [18]. Then, the new solutions are fitted to DSMC
data.

In one-dimensional systems, all variables depend only on the location x. For the
rest state, the saturation pressure of the liquid interface is set to ps:(7o) = po. We
assume that the liquid temperature at the interface is controlled. Small pressure or
temperature changes are sufficient to drive evaporation or condensation. All equations
are linear and dimensionless and describe the deviation from their equilibrium state.

The simplified balance equations for mass, momentum and energy read

ov_ 90 op_dq _,

or or s or (3.37)
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After simple integration follows
v=Vy=const, p+o=F,=-const, qo = Qo = const . (3.38)

Hence, velocity and conductive heat flux are constant in the vapor phase. The normal
components of the linear and non-dimensional constitutive equations for (3.7) - (3.9)

obtain the form

SKn@_O 28 Kn 0q 0 BKn@

A=— = = = nnn — s
Pra Ox ’ 5 Prp Oz M Pry Ox

(3.39)

with data to adjust between the molecule models from Table 3.1. The linear and

non-dimensional equations for normal stress ¢ and conductive heat flux g, become

6 0o o

— — T — -4

5Kn0x2 Kn'’ (3.40)
90 g _ gaa (3.41)

Or  15Kn 50z

Integration yields

o T o T
= Asinh —— B cosh —— 42
o sin \/;Kn + B cos [\/gKn] , (3.42)
4qox 2
T,=K— ————-0. 3.43
g 15Kn 5 (3:43)

with A, B, K as constants of integration. There are 6 unknowns (Vp, Py, Qo, A, B, K)
that must be determined for finding the solution. For evaporating interfaces, and by
taking A = R = 0 (3.39) into account, the normal boundary conditions (3.28)-(3.30)
simplify to

3
Vo = Ao [=Po + psar (T)] + M [— (T, — T}) — % Pr a,m} - )\g%ann o (3.44)

3
Gom = M1 [ Po + Poar (T ] + A3 [— (T, —T)) — ? Pr ann] . )\4%0% . (3.45)

6 do w 3w
gKTL |:%:|n = )\2 [PQ — Psat (Tl” —|—)\4 [(Tg — T'l) + ?3 Pr Onn] —{—)\5?20'7”1 s (346)

with ‘/o,n - nkvk and Gon = qKNk.
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3.3.3 Problem I: Vapor layer between two liquid reservoirs

In the first problem for fitting the coefficients a — f, and also for getting an in-
sight into the Knudsen layers, we consider one-dimensional, steady-state heat- and
mass transfer, within a vapor phase, in between two liquid reservoirs, with controlled
temperatures of the liquid interfaces, as depicted in Fig. 3.1. The system has been
discussed in [18] and shall be outlined only briefly here. The contribution is the so-

lution of the new phenomenological boundary conditions. The interfaces are located

Liquid

Liquid
Figure 3.1: System I: Vapor phase between two liquid reservoirs.

at r = j:% with the normal vector n pointing from liquid into vapor and the super-

scripts 0 for z = —3 and 1 for z = 3,

evaporation and condensation is the temperature difference between T and T}!. The

ie. Vi, = =V, = Vo Driving force for

required six equations are found by evaluating the boundary conditions (3.28) at both
interfaces. For evaluation of the equations, it is convenient to take both the sums and

the differences at both interfaces. For the three sums follows

1
PO = 5 (pgat(irlo) +pgat(7—‘ll)) ) (347)
(R’ +1') - (T, +T,) =0, (3.48)
R, (3.49)

Stress profile, Eq. (3.42) and temperature profile, Eq. (3.43), follow as

5w
= Asinh —— 3.50
o sin [\/;Kn] : (3.50)

(I’ +T)  4dgr 2,
T — _ — % Asinh |22 . 51
g 9 5kn 5 ™IV ekn (3.51)
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The three differences of the normal boundary conditions form a linear system for Vj,
Qo and A as

/\0 [psat (7}0) — Psat (irll)]
1 @ :
Vo= g | M [—oin + (@ -1 + (3 Pe— ) asion [1/528]] | s2)

—i—%kﬂl sinh [% \/%ﬁ]

>‘1 [psat (Y}O) — Psat (irll)]
1 w .
Qo= | +h o+ (17 -1+ (2 Pr—f) asinn [ 3] | @5y
—i—M%A sinh [%\/%ﬁ]

1
Z1/2cosh(34/27)
M [é}’?n + (T} = T0) + (4 — 222 Pr) Asinh [%\/EK%H
_)\5:{%14 sinh [% \/%ﬁ] + Ao [poat (T} = poat (TP)]

(3.54)

We refrain from showing the solution but will only show results from the inversion in
the figures. For the linear NSF-Onsager boundary conditions, see Appendix D, one
finds

P11 — T12T12 /27 2 +52 (—é%n + T —1T7) 7
11 1 4 -

Here A is the amplitude of the Knudsen layer. The given solution for NSF is a
simplification for y = 9 = 1, see Appendix D. For the NSF-Onsager coefficients 71,
712 and T2, the Onsager matrix (D.2) or the corrected Onsager matrix (D.3) can be
used. The solution of the MBC for this system can be found in [18]. Results shall be
compared in Sec. 3.3.5 and 3.3.6.

3.3.4 Problem II: Evaporation in half-space

In the Half Space Problem, a liquid interface evaporates into equilibrium conditions,

as discussed previously in Ref. [18]. Driving force is the prescribed pressure p,, far
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away from the interface, see Fig. 3.2. The six unknowns are found by considering

Liquid

Figure 3.2: System II: Half-space problem.

evaporation boundary conditions on one side and constant velocity v,, = V{, pressure
P = Py and temperature T, far away from the interface. For reaching constant
pressure ps, and due to the momentum balance (3.38) it is necessary to set the normal
stress far away from the interface to o, = 0. Moreover conductive heat flux g is
set to zero as well. With T, prescribed, one finds the constant K. For (3.50,3.51) it

follows

o(z)=Aexp |— gKin] : (3.57)
T(2) =T — %U (z) . (3.58)

Evaluating the boundary conditions (3.28) at the interface between liquid and vapor

leads to

2 3
Ve = Ao [poat (T1) — poc] + A (T} — To) + (Al (5 - Pr> _ Az%) A, (3.59)

2 3
0 = M [Poat (T3) = poo] + A3 (Th — Too) + ()\3 (3 - Pr) = A4ﬂ> A, (3.60)
_ 2 w3 3@2 6 /5
0= >\2 [psat (T}) poo] + )\4 (ﬂ Too) + <>\4 (5 5 PI‘) )\5 3 5 6 A
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For Navier-Stokes-Fourier out of Eq. (D.1) follows

_ psat(ﬂ) — Po

Voo = A~ Feo 3.62
vV 27TT11 ( )

1 T — Tw
= l . (3.63)

Yoo = \/_2_7T 21
When setting ps.: (1)) —poo = Ap and T)—T,, = AT, there are four unknowns Ap, AT,
Vs and A, which can be calculated with the PBC (3.59-3.61), if one of the variables is
prescribed. For NSF, A is zero and the two equations (3.62, 3.63) are sufficient to be
solved as a linear system. The solution for the MBC can again be found in Ref. [18].
Ytrehus, who discussed the half space problem in Ref. [24] proposed dimensionless

ratios, in which the pressure difference Ap is eliminated:

sa 1)) — 0
o, = Peot (1) = Pec U{l Poo (3.64)
V2
T, — T
V2

This choice allows to gain results, corresponding to pressure and temperature, without
prescribing any of the four variables, and it becomes easy to compare different models,
such as Maxwell molecules, BGK, Navier-Stokes-Fourier etc. Note that (3.59-3.63)
and therefore also (3.64,3.65) are independent of the Knudsen number.

3.3.5 Fitting of the Onsager coefficients: standard tempera-

ture profile

The ratios (3.64,3.65) from Problem II together with DSMC data for Problem I shall
be used to fit the coefficients a-f. The temperatures and saturation pressures at the
liquid boundaries are given as T} = pea(T}) = 1.05 and T}! = pgo(T}') = 0.95. The
evaporating material, which is defined over the saturation pressures is artificial. All
results in the following are based on full evaporation and fully diffusive reflection,
by setting the evaporation and accommodation coefficients to ¥ = y = 1. Maxwell
molecules are considered and their data is taken out of Table 3.1. In Table 3.2, factors
for the Onsager coefficients, used in Eqs. (3.31-3.36), which have been found by trial
and error are suggested to adjust the PBC, Eqs. (3.28), for best fit. The results
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a b c d e f
PBC standard profile 1.01 0.95 1.30 1.05 0.20 1.10

Table 3.2: Factors to adjust the Onsager coefficients of the PBC for the standard
profile.

oy % to Ytrehus g % to Ytrehus
PBC standard profile 2.1179 0.35 0.4889 10.33
MBC 2.1097 0.74 0.4894 10.44
NSF 1.9940 6.18 0.4431 -
NSF corrected 2.1254 - 0.4472 0.93
Ytrehus 2.1254 - 0.4431 -

Table 3.3: Solutions for Ytrehus’ ratios and percentual deviation to Ytrehus’ solution
for standard profile.

of the new PBC are compared with the previously derived evaporation boundary
conditions (MBC) and also with Navier-Stokes-Fourier. NSF' is based on Onsager
boundary conditions as well and uses the Onsager matrix (D.2) or the corrected
Onsager matrix (D.3). Ytrehus used a moment method to solve the half space problem
with high precision [24] and his results are used here as reference. Ytrehus’ ratios ay,,
ay (3.64,3.65) have been calculated for PBC, MBC, NSF and corrected NSF. Together
with the percentual deviation to Ytrehus’ solution, they are given in Table 3.3. By
trial and error fitting of the Onsager coefficients, it was not possible to achieve superior
agreement between PBC and DSMC for Problem I (Sec. 3.3.3) and proper results
for Ytrehus’ ratios (3.64,3.65) at the same time. Forcing good agreement between
Ytrehus’ solution of the half space problem and PBC regarding the dimensionless
ratios showed significant decrease in agreement between PBC and DSMC for Problem
I. The fittings that are chosen here are compromises between Problem I and Problem
IT but with strong emphasis on achieving proper results for Problem I, i.e., proper
agreement with DSMC results.

Fig. 3.3 shows temperature and normal stress profiles for Kn = 0.078. R13 with
PBC (solid, purple) and MBC (solid, red) are in good agreement with DSMC (green,
dashed). The amplitude of the Knudsen layer A is zero for NSF (black, dashed) and
corrected NSF (blue, dashed). As a result both NSF solutions slightly deviate from
DSMC close to the boundaries. A = 0 removes the last term in (3.51) and therefore
leads to a linear function. For Problem I, NSF is not able to predict normal stress at
all, see Egs. (3.55, 3.56).

In Fig. 3.4 temperature and normal stress profiles are illustrated for Kn = 0.235.
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Figure 3.3: Temperature and normal stress profiles for Kn = 0.078 with AT = 0.05
and Ap = 0.05: DSMC (symmetrized; green, dashed), R13 with PBC (purple), R13
with MBC (red), corrected NSF (blue, dashed), uncorrected NSF (black, dashed).

Both sets of boundary conditions for R13 reconstruct the DSMC results well but
slightly underpredict the Knudsen layers both for temperature and normal stress.
For the temperature profile they are in better agreement with DSMC than the two
NSF solutions. For both Kn = 0.078 and Kn = 0.235 one notes the significant
temperature jumps at the boundaries.

Additionally to temperature and normal stress profiles we seek to get insight into
the three integration constants velocity V{, conductive heat flux ¢y and Knudsen layer
amplitude A, depending on the Knudsen number. The three variables are plotted over
Kn = {0,1.0} in Fig. 3.5. Sign of velocity V; and conductive heat flux gy are positive.
That is, mass and conductive heat flux are transferred from warm to cold, i.e., they
are transported at x = —% into the system via evaporation and due to steady state the
same amount of mass and conductive heat is transported at = = % out of the system
into the colder reservoir via condensation. R13 with PBC shows very good agreement
with DSMC for V4, qo for all Knudsen numbers. The PBC results for normal stress
are better than those of MBC for Kn < 0.4. For higher Knudsen numbers both PBC
and MBC fail to predict o in precise agreement with DSMC. Again the normal stress
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Figure 3.4: Temperature and normal stress profiles for Kn = 0.235 with AT = 0.05
and Ap = 0.05: DSMC (symmetrized; green, dashed), R13 with PBC (purple), R13
with MBC (red), corrected NSF (blue, dashed), uncorrected NSF (black, dashed).

can not be predicted by NSF.

Interestingly for this PBC fit, Ytrehus’ ratios are very similar to those of the
MBC, i.e., 0.35% (PBC) and 0.74% (MBC) deviation for «, and 10.33% (PBC)
and 10.44% (MBC) for ay, see Table 3.3. Corrected NSF is under 1% deviation
for both ratios. Uncorrected NSF shows zero deviation for ay and 6.18% for a,.
For Knudsen numbers larger than 0.235 the deviation between DSMC and the PBC
becomes slightly larger for the temperature profile and stays similar for the normal
stress profile. The temperature jump at the boundaries increases with increasing

Knudsen number.

3.3.6 Fitting of the Onsager coefficients: inverted tempera-

ture profile

By adjusting the values for AT, Ap it can be shown that the sign of the conductive

heat flux gy switches. This leads to an inverted temperature profile. The negative
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Figure 3.5: Evaporation velocity V), conductive heat flux ¢y and boundary normal
stress og for standard temperature profile: DSMC (green, dots), R13 with PBC (pur-
ple), R13 with MBC (red), corrected NSF (blue, dashed), uncorrected NSF (black,
dashed).

1
279

Though the second law is not violated since the overall heat transport is given with

sign of ¢y indicates conductive heat transport from z = % toxr = see Fig. 3.1.
Q = pVoh + qo and the advective term pVyh is dominant. Hence the overall heat @) is
transported from hot to cold as expected. One notes that due to the reversed sign of
the conductive heat flux, the necessary vaporization enthalpy is partly provided by
the colder boundary. The liquid temperatures at the boundaries are set to T} = 1.01
and T}' = 0.99. The respective saturation pressures follow as pe (7)) = 1.0752 and
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a b c d e f
PBC inverted profile 0.985 0.85 1.30 1.0 0.20 1.10

Table 3.4: Factors to adjust the Onsager coefficients of the PBC for the inverted
profile.

ayp % to Ytrehus g % to Ytrehus
PBC inverted profile 2.1373 0.56 0.4646  4.85
Ytrehus 2.1254 - 0.44311 -

Table 3.5: Solutions for Ytrehus’ ratios and percentual deviation to Ytrehus’ solution
for inverted profile.

psat(T}1) = 0.9248. Therefore the evaporating material of the system is different to the
standard profile. The small temperature difference between hot and cold boundaries
and the large difference between the saturation pressures allows for a temperature
jump large enough to reverse the sign of the conductive heat flux.

By fitting with trial and error, it was not possible to achieve proper results for
the standard and inverted profiles at the same time. This is believed to be due to the
fact that the evaporating material is different between standard and inverted case,
since the saturation pressures are different. Therefore we present a fitting for the
adjustable factors within the PBC for the inverted case which is given in Table 3.4.
The ratios ay,,a9 as well as the percentual deviation to Ytrehus’ solution are presented
in Table 3.5.

The temperature and stress profiles for Kn = 0.078 are given in Fig. 3.6. As
comparison to the new fitting, a PBC solution, which uses the previous coefficients,
is given as well (purple, dashed). R13 with PBC and MBC both overpredict the
Knudsen layer at the interfaces. For the temperature profile, corrected NSF shows
the best agreement with DSMC here. Normal stress is predicted well for PBC and
MBC and is again zero for NSF. For Kn = 0.235 the overprediction of the R13
boundary conditions becomes so large that the profiles are not inverted anymore, as
shown in Fig. 3.7. Note that it is possible to "turn” the PBC temperature profile to
match DSMC, however this leads to worse results for other plots. In this case MBC
shows slightly better results for temperature and normal stress profiles than MBC.

Fig. 3.8 illustrates evaporation velocity, conductive heat flux and normal boundary
stress for the inverted profile. For velocity and conductive heat flux, R13 with PBC
is in very good agreement with DSMC. In comparison to the standard profile, the

normal boundary stress of PBC starts to differ from DSMC already earlier, i.e., for
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Figure 3.6: Inverted temperature and normal stress profiles for Kn = 0.078 with
AT = 0.01 and Ap = 0.075: DSMC (symmetrized; green, dashed), R13 with PBC
(purple), R13 with PBC and previous fitting (purple, dashed), R13 with MBC (red),
corrected NSF (blue, dashed), uncorrected NSF (black, dashed).

Kn > 0.1. Corrected NSF is in surprisingly good agreement with DSMC for Kn < 0.3
but fails to predict normal boundary stress. Except for temperature and normal stress
profiles for Kn = 0.235, R13 with PBC shows the best agreement with DSMC for all
discussed models here.

One notes that for this PBC fitting the deviation of ay to Ytrehus’ solution be-
comes with 4.85% smaller than for the standard profile. For o, the deviation stays
small with 0.56%.

3.3.7 Impact of evaporation and accommodation coefficients

To gain a better understanding of the impact of evaporation and accommodation
coefficients, the PBC shall be tested for the "standard temperature profile” of the
previously discussed problem and a variety of ¢, x. Fig. 3.9 illustrates solutions of
the PBC for Problem I, Fig. 3.1, together with the fitting from Table 3.2. The plots
are based on x = 0.1 (Green), x = 0.5 (Red), x = 1 (Blue), ¥ = 0.1 (solid), ¥ = 0.5



47

1.010
. 1.005
o =~ _=zziEET
2 ~ -.*"’—’————
© — —
£ 1.000 P @QQ
£ ==z==""
5 -
0.995
0.990
-0.4 -0.2 0.0 0.2 0.4
location x
0.010 4
v
° i
, 0.005
8 -~
% 0.000
£ )
5 —0.005
2 //
-0.010 ,,/
7
-0.4 -0.2 0.0 0.2 0.4
location x

Figure 3.7: Inverted temperature and normal stress profiles for Kn = 0.235 with
AT = 0.01 and Ap = 0.075: DSMC (symmetrized; green, dashed), R13 with PBC
(purple), R13 with PBC and previous fitting (purple, dashed), R13 with MBC (red),
corrected NSF (blue, dashed), uncorrected NSF (black, dashed).

(dashed) and ¢ = 1 (large, dashed). For ¥ = 1, the solutions are independent of
X. Since the evaporation coefficient is defined over the condensation coefficient, this
may be explained due to the fact that for the condensation coefficient being unity,
no reflection occurs, all vapor molecules hitting the liquid interface are condensed.
The largest temperature jump between gas and boundary is found for ¥ = 0.1 and
X = 0.1 and the smallest for y = 1.

The stress profile seems to be dependent, mainly on the evaporation coefficient.
The accommodation coefficient has a small impact only for ¥ = 0.5. The largest
stress can be found for ¥ = 1. Evaporation velocity 1}, conductive heat flux ¢g and
boundary normal stress o for various values of ¥ and y are depicted in Fig. 3.10. The
results of V) and o seem to be almost independent of y, except for ¥ = 0.5, where

has a small impact. Interestingly, both ¥ and x have a large influence on gq.
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Figure 3.8: Evaporation velocity V), conductive heat flux ¢y and boundary normal
stress og for inverted temperature profile: DSMC (green, dots), R13 with PBC (pur-
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corrected NSF (blue, dashed), uncorrected NSF (black, dashed). Note: For o, the
two PBC solutions are represented by the solid, purple curve.

3.3.8 Notes on the meaning of the individual Onsager coef-

ficients of the normal fluxes

The fittings used in the Tables 3.2 and 3.4 are based on a trial and error procedure,
in which the factors a — f in the Onsager coefficients (3.31-3.36) are individually
adjusted. Due to symmetry of the Onsager matrix, six independent parameters need

to be determined. The tuning of the Onsager coefficients one by one gives an insight
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Figure 3.9: PBC temperature and normal stress profiles for Kn = 0.235 and various
evaporation and accommodation coefficients: x = 0.1 (Green), x = 0.5 (Red), x =1
(Blue), ¥ = 0.1 (solid), ¥ = 0.5 (dashed), ¥ = 1 (large, dashed). Note: For ¢ = 1,
the large, dashed, green curve represents all three solutions.

into what outcome they influence. One notes however, that due to the coupling within
the Onsager matrix in Eq. (3.28), the individual Onsager coefficient impacts multiple
fluxes. The following is an attempt to determine some trends, which were observed
during the fitting procedure.

Since A\¢ appears only in the equation for the normal velocity, it has a strong
impact on V5 and no impact on the conductive heat flux qo. Apparently it has no
impact on boundary normal stress o. Temperature and stress profiles appear to be
independent of \g as well. The coefficient A\; has a big impact on Vj and ¢g and a
small impact on o. It has a major impact on the temperature profile and a smaller
impact on the stress profile. A\ strongly influences V and o and slightly ¢q. Since
Ay does not appear in the equation for g, this is expected. It has an impact on
temperature and stress profiles but with clear emphasis on the stress profile.

The coefficient A3 seems to play a key role in the fitting. Even though it appears
only in the equation for V{, it has not only a strong impact on the magnitudes and

slopes of V4, but also on those of qy. It slightly impacts o as well. Regarding the
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Figure 3.10: PBC evaporation velocity V}, conductive heat flux ¢y and boundary
normal stress oy for standard temperature profile and various evaporation and ac-
commodation coefficients: x = 0.1 (Green), x = 0.5 (Red), x = 1 (Blue), ¥ = 0.1
(solid), ¥ = 0.5 (dashed), ¥ = 1 (large, dashed). Note: For ¥ = 1, the large, dashed,
green curve represents all three solutions.

profiles, A3 seems to impact only the temperature. The Onsager coefficient A4 mainly
impacts o, but also Vj, qo and both profiles, with stronger impact on the stress profile,
as expected. A5 appears only in the equation for the normal component of the higher
moment m,,,. The coefficient has a strong impact on ¢, a medium impact on Vj
and no impact on ¢q. It influences the stress profile significantly and the temperature
profile slightly. After these dependencies were established, several rounds of fitting

were done, until a reasonable fitting was obtained.
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Chapter 4

Evaporation in Numerical
Two-Dimensional Steady-State

Simulation

4.1 R13 with Phenomenological Onsager bound-

ary conditions in numerical simulation

It shall be shown that the applicability of R13 with PBC (Phenomenological Boundary
Conditions) is not limited to one-dimensional systems. A numerical solver for 2-D
geometries, written in C4++ by Torrilhon [27], is used in this chapter to solve the
linear R13 equations with the PBC for evaporation. As comparison, simplified NSF
(Navier-Stokes-Fourier) is solved with the same code. The program from Torrilhon
allows for generic implementation of macroscopic transport equations. The numerical
solver relies on a discontinuous Galerkin (DG) method which utilizes finite elements
to discretize the system. Here the code is extended by implementing the evaporation
boundary conditions, previously derived in Chap. 3.

The PBC for R13, given in Egs. (3.28-3.30), are adjusted by using data for Maxwell

molecules out of Table 3.1 and read

3 2 1
—/\0p+v§+ (—>\0 — )\1) Tg+ (—/\0 — )\2 — —)\1> Opy — 5/\1Rmaz = )\1Tl+)\0psat(Tl) s

4 5
(4.1)
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Evaporation/condensation Wall with energy transfer Inflow/outflow

)\0 CLO’L92 0 1/10_5
A1 —%60192 0 0

)\2 —%60192 0 0

A3 2dyxo 2dg, 1/107°
A —Zegxe —2egVs 0

A5 Jo (%)@ + %792) 2 fov2 0

Co  aixz a9 1.0

G —bixe —b19 1.0

<2 1301X2 C1’l92 1.0

Ko 2agX2 2a91 1.0

Table 4.1: Adjustment of the Onsager coefficients to gain evaporation boundary con-
ditions, wall boundary conditions and inflow boundary conditions.

3 2 1
_Alp—i_ (_)\1 - )\3) T9 + (_)\1 - Z)\4 - g)\?)) Oz +qg - g)\fﬂRxI = )\STl +)‘1p8at(Tl) >
(4.2)
3. 2 1 l l
_/\2p+(_)‘2 - )‘4) T9+ _)‘2 - 1/\5 - 5A4 O-xz_’_mxwz_g)%Rzz = )\4T +)\2psat(T ) )
(4.3)
2 1

—CoUy + Oy + <—5C0 — gQ) qy — CoMaazy =0, (4.4)

2 1
_Clvy + <_g<1 - 5C2> qy — Clmwmy + Ra:y =0, (45)
—§lioO'yy + Myyy = 0. (46)

Since for wall-vapor interfaces the DG-code uses a normal vector n pointing from
vapor into the direction of the wall, the sign of 7%, psut(T"), ve, ¢% Mazws Ouy Ray
and my,, is switched. The liquid phase is not solved and therefore can be treated in
the same manner as a wall, which allows for mass transfer. Adjustment of the On-
sager coefficients allows to derive other boundary conditions such as wall with energy
transfer or inflow/outflow. Table 4.1 gives an overview about these modifications.

The factors being used are given as

2 I+ x(1-9) V? i
— .z Vg =/ ———— . 4.
A2 v:Q—ﬂ—Xﬂ—ﬁ)’ 2= V72— (4.7)

For an adiabatic wall (fully specular reflective) all Onsager coefficients are set

to zero, which leads to vJ = ¢ = Mypy = 0py = Ryy = Myyy = 0. The Onsager
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Evaporation/condensation Wall with energy transfer Inflow/outflow
ap 0.975 — —

by 0.875 — —
Co 1.0 — —
dy 1.1 0.872 —
eo 0.7 0.872 —
£, 1.05 1.0 -
a; 1.0 (Not fitted) 0.9143 1.0 (Not fitted)
by 1.0 (Not fitted) 0.9143 1.0 (Not fitted)
c¢1 1.0 (Not fitted) 1.0 1.0 (Not fitted)
as 1.0 (Not fitted) 1.0 (Not fitted) 1.0 (Not fitted)

Table 4.2: Adjustable coefficients within Onsager coefficients for R13.

Evaporation/condensation Wall with energy transfer Inflow/outflow

Psat  Pevap - j:pflow
le Tevap Tw Tflow

Table 4.3: Overview input parameters.

coefficients for a wall with energy transfer are taken from Ref. [21]. The adjustable
coefficients within the Onsager coefficients for the different boundaries are set as in
Table 4.2.

Note: The evaporation/condensation coefficients ay, ..., fo are based on a fitting
as in Problem I (Chap. 3), however different definitions of the Knudsen number
between DSMC and R13 where used. Therefore a small error is introduced here. For
evaporation/condensation the coefficients ay, by, ¢; and as are not fitted and set to
unity. The adjustable coefficients for a wall with energy transfer dy, ..., fo and a, ..., ¢;
are taken from Ref. [21] and as is set to unity. Depending on the boundary, different
pressures and temperatures are assumed as depicted in Table 4.3.

From Tables 4.1 and 4.3 the inflow/outflow boundary conditions follow as

(%%
— (,0 + Tg) — Ogg + )\_ = j:pflow ) (48)
0
2 1 q?
_Tg - FVaxx _Rzz = T ow 4.9
5w T gt T, T (4.9)
Mypge = 0, (4.10)

—Uy — =Gy + Opy — Mgy =0, (4.11)
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3

—Vy — gqy — Mgy + Ryy =0, (4.12)
1

— 50y My = 0. (4.13)

Due to limited degrees of freedom when controlling variables at one boundary, the
velocity v¢ in Eq. (4.8) is removed. Since division by 0 is not defined, Ay is set to
a value of much larger order of magnitude than v,. In the same manner the heat
flux ¢¢ is removed. Hence, driving forces of the system which are controlled at both

boundaries are pressure py,, and temperature 1%y, .

4.2 Navier-Stokes-Fourier with Onsager boundary

conditions in numerical simulation

For obtaining a comparison to the R13 solutions for two-dimensional systems, Navier-
Stokes-Fourier together with evaporation boundary conditions is solved here. For y =
¥ = 1 and considering one-dimensional geometry, evaporation boundary conditions
for NSF are given in Appendix D, see. (D.1). For 2- and 3-dimensional geometries

an additional boundary condition is found in Ref. [18] and reads

9+ y(1-9) 2 1
9 _ _ 94 =
%0 = T3 g—xa o)V arT P T5W) (4.14)

Note that Eqs. (D.1) are simplified for 1-D geometry. Again by considering y = ¢ = 1

and after full linearization and non-dimensionalization, Eq. (4.14) becomes

2 1
o2 (14 1) 15

*

For the DG-code one sets T' = —%T*, ¢: = —¢, and ¢, = —q, and the evaporation
boundary conditions for NSF (4.15) and (D.1) follow as

2

p— V2rryvd — §T* + V271112, = —Dsat (4.16)
2

—V2mrovd — T + V271reaq, = -7t (4.17)

3
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2 1 /2 .
\/;vg -0, — 5\/;% =0. (4.18)

A corrected Onsager matrix for 71, r12 and r99 which is used in the DG-code is given
in (D.3). For a wall with energy transfer, (4.16-4.18) reduce to

v =0, (4.19)
— ST+ 27reeqt = =T, (4.20)

2 1 /2,

For an adiabatic wall (fully specular reflective) the trivial boundary conditions read
vi=q,=0J,=0. (4.22)

The inflow/outflow b.c. used for NSF are given as

2
Psat = —p + gT* + eV 27TT’11?Jg —EV 27rr12q; ) (4'23)
2
T = gT* + eV 2mrovd — eV 2mreaq; (4.24)

2 12,
\/;vg o 5\/;% _0. (4.25)

with € = 107 as factor of low order of magnitude to remove v¢ and ¢*. For the input

parameters, Table 4.3 is used.

4.3 Results for two-dimensional simulation for R13
and NSF

4.3.1 Testing of the numerical simulation in quasi
one-dimensional system
Before using the R13 and NSF-equations in a two-dimensional geometry they shall

be tested and compared with analytical solutions from Problem I (Sec. 3.3.3). The
analytical solutions for R13 with PBC and NSF with PBC are given in Eqgs. (3.52-
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3.54) and (3.55-3.56) respectively. To obtain a standard temperature profile with
non-reversed heat flux, the driving forces at the boundaries are set as in (Sec. 3.3.5)
to T = peatr(T?) = 1.05 and T}! = per(T}) = 0.95. All results use 9 = x = 1
in the following. In contrast to Sec. 3.3.5 the adjustable Onsager coefficients for
evaporation being used are given in Table 4.2. For NSF the corrected Onsager matrix
given in (D.3) is utilized. The numerical solutions for R13 and NSF model a quasi-
one-dimensional system, depicted in Fig. 4.1 for R13.

Temperature [non-dim]
—

1.0230
1.0175
o8 1.0120
1.0065
06l | 1.0010
0.9955
0.9900
04r 0.9845
0.9790

02l 0.9735

0.0t

P E—
-0.4 -0.2 0.0 0.2 0.4

Figure 4.1: R13 in quasi one-dimensional system: Temperature distribution with grid
mesh for Kn = 0.1.

The left and right boundaries are based on the full evaporation boundary condi-
tions (4.1-4.6). Top and bottom are adiabatic walls with v¢ = ¢ = My, = 04y =
R,, = myy, = 0. In Fig. 4.2 numerical solutions (blue line) are compared with
analytical solutions (read line) for Kn = 0.1.

The agreement between numerical and analytical solutions for temperature and
density profiles is flawless, therefore one can barely see the numerical solution under-
neath the analytical. One notes the non-linear behavior of R13 close to the boundaries

due to Knudsen layers which can not be predicted by NSF.

4.3.2 Numerical solutions for two-dimensional channel-flow

with four evaporating cylinders

The system of interest for the two-dimensional steady-state simulation is a channel

with four evaporating cylinders, which is discretized as depicted in Fig. 4.3. The
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Figure 4.2: Analytical vs. numerical solutions of R13 and NSF in quasi one-
dimensional system. Note: The numerical solution lies underneath the analytical
solution.

! ! ! |
-10 -5 0 5 10

Figure 4.3: Grid of two-dimensional channel-flow with four evaporating cylinders.

left boundary is the inlet of the channel flow and the right boundary is the outlet.
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Evaporation/condensation Wall with energy transfer Inflow/outflow

Psat  Pevap = 0.2 - j:pflow =0.1
T Tevap = 0.2 T, =0.2 Ttiow = 0.2

Table 4.4: Input parameters for two-dimensional channel flow with four evaporating
cylinders.

For R13 inflow/outflow boundary conditions, the Eqs. (4.8-4.13) and for NSF, the
Eqgs. (4.23-4.25) are used. Top and bottom are walls which allow energy transfer,
given with Table 4.1 for R13 and with Eqs. (4.19-4.21) for NSF. The cylinder walls
use evaporation boundary conditions given by (4.1-4.6) with Table 4.1 for R13 and
(4.16-4.18) for NSF. The input parameters, which are given in Table 4.4 are non-
dimensional and describe the deviation from equilibrium. They are chosen in a way,
that evaporation at the cylinders can be observed clearly.

The plots in Fig. 4.4 show pressure contours, superimposed by velocity streamlines,
for R13 and NSF, for the three Knudsen numbers: Kn = {0.1, 0.5, 1}. For Kn = 0.1,
the velocity streamlines are similar between R13 and NSF. The inflow of the left
boundary collides with the evaporating flow, which leaves the two cylinders on the
left-hand side. The largest flow velocity is observed in between the two cylinders on
the right-hand side. For Kn = 0.5, the evaporation overcomes the inflow and leaves
the system at the inlet of the channel. This interesting effect is observed for R13
and NSF, but with different flow behavior. For R13, the streamlines, which leave
the inlet, have their origin mainly in the left bottom cylinder. The dominance of
the left cylinder of R13 becomes even more apparent for Kn = 1. The NSF velocity
streamlines at the inlet for Kn = {0.5, 1} come almost equally from both left cylinders.

For Kn = 0.1, the pressure contours of R13 and NSF show very similar behavior.
With increasing Kn, the R13-pressure contours on the right hand side of the diagrams
disconnect from each other and become almost vertical for Kn = 1.

Also, for Kn = 1, significant differences between R13 and NSF are found for the
temperature profiles, which are depicted in Fig. 4.5. The overall temperature around
the four evaporting cylinders is much lower for NSF, than for R13. As can be seen
by the conductive heat flux streamlines, the enthalpy of vaporization is provided
by the boundaries, as in the previous simulations. The magnitude of the R13 heat
flux, shows interesting peaks in between the two cylinders on the right-hand side for
Kn = {0.5,1}.

The large differences between R13 and NSF for Kn = {0.5, 1} are likely due
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a) NSF, Kn = 0.1

Temperature [non-dim)|

0.1485 0.1584 0.1683 0.1782 0.1881 0.1980

b) R13, Kn = 0.1

Cond. heat flux [non-dim]

0.0014 0.0028 0.0042 0.0056 0.0070 0.0084

¢) NSF, Kn = 0.5

Temperature [non-dim]|

B

0.1704 0.1775 0.1846 0.1917 0.1988 0.2059

d)R13,Kn =05

Cond. heat flux non-dim)]

0.0028 0.0056 0.0084 0.0112 0.0140 0.0168

e) NSF, Kn = 1.0

Temperature [non-dim]|

0.1876 0.1904 0.1932 0.1960 0.1988 0.2016

L L R L -
-10 -5 0 5 10

: A
e e

L =]

-10 -5 0

f)R13, Kn = 1.0

e
2| ”’f('/‘/;;f
=7

Cond. heat flux [non-dim]

0.0042 0.0084 0.0126 0.0168 0.0210 0.0252

Figure 4.5: Temperature contours superimposed by cond. heat flux streamlines for
two-dimensional channel-flow with four evaporating cylinders and various Knudsen

numbers.
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to rarefaction effects, which can not be captured by NSF. It has to be taken into
account, as mentioned in Sec. 4.2, that simplified NSF boundary conditions are used
here. Note that R13 is limited to flow regimes below Kn = 1 and can only describe
a tendency here. For validation of the R13 results a reliable reference, such as from

a DSMC simulation is necessary, which might be part of a future work.
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Chapter 5

Conclusion

5.1 Summary and achievements

In Chap. 2 simplified Navier-Stokes-Fourier equations are considered to model slow
evaporation in a non-steady and one-dimensional system. Driving force of evaporation
is the controlled pressure on top of the vapor layer. Onsager boundary conditions are
used for the interface between the two phases. The bulk equations are discretized
by means of finite differences and solved explicitly. A matlab algorithm is suggested
which is based on a dynamic mesh. Liquid and vapor heights are chosen to be 0.1mm
respectively. This leads to a Knudsen number of Kn=0.01, which is just in the classical
hydrodynamics regime. The simulation allows for calculation of all thermodynamic

quantities and gives an insight into the physics of evaporation processes.

Based on the Onsager Theory which utilizes the second law of thermodynamics,
evaporation boundary conditions (PBC) for the regularized R13 equations are derived
in Chap. 3. The Onsager coefficients have been determined by following a process
consisting of three steps. In the first step (Sec. 3.3.1) the boundary conditions are
compared with previously discussed boundary conditions for evaporation (MBC),
which represent an alternative approach for deriving boundary conditions for R13.
Under the assumption of proper results for MBC in the Navier-Stokes-Fourier (NSF)
regime and by keeping in mind that higher moments develop a significant impact
only for higher Knudsen numbers, coefficients are being taken over from MBC to
PBC so that the differences between the sets of boundary conditions lie mainly in
the terms with higher moments [21]. The idea is to find boundary conditions which

are just as reliable as MBC in the NSF regime and more accurate in the transition
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regime. In the next step adjustable coefficients are suggested for the PBC. These
coefficients are fitted by trial and error to DSMC data for the analytical solution of
a finite one-dimensional system (Sec. 3.3.3). In the third step for finding meaningful
Onsager coefficients the half space problem (Sec. 3.3.4) is solved analytically and
ratios suggested by Ytrehus [24] are used to fine tune the coefficients. The overall
agreement between PBC and DSMC (Sec. 3.3.5 and 3.3.6) has been shown to be
better than for MBC or NSF.

The impact of the evaporation and accommodation coefficients is discussed in Sec.
3.3.7. In Sec. 3.3.8 it is explained, how the trial and error fitting gives an insight into

the physical meaning of the individual Onsager coefficients.

In Chap. 4 the new evaporation/condensation boundary conditions are imple-
mented into a code for the numerical solution of two-dimensional, steady-state prob-
lems. Results for Knudsen numbers of Kn={0.1,0.5,1.0} are obtained and compared
to simplified Navier-Stokes-Fourier solutions. It is observed that with increasing
Knudsen number, R13 shows different flow behavior than NSF.

5.2 Recommendations and future work

For the non-steady evaporation model in Chap. 2, one notes that the numerical ap-
proach chosen is restricted to the CFL criterion which limits the applicability for
higher Knudsen numbers. In a future work we recommend to use an analytical
method or implicit numerical method which is not bound to the CFL criterion. Also,
for gaining an evaporation model with applicability in a low regime further away from
equilibrium, it might be of interest to solve the non-linearized Navier-Stokes-Fourier

equations.

Due to lack of a mathematical approach, i.e., optimization algorithm, for fitting
the Onsager coefficients in Chap. 3, it is uncertain if significantly better fittings for
the presented problems are possible. This may be part of a future analysis. Even
though NSF fails to predict normal stress for the presented problems, it shows sur-
prisingly good results for low to moderate Knudsen Numbers. The advantage of R13
with PBC compared to NSF might be shown even more clearly in numerical simula-
tions for complex geometries. The Onsager coefficients appear to be dependent on the

evaporating material, which in the practical application becomes problematic. There-
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fore we recommend an investigation considering the fitting of Onsager coefficients as

function of the enthalpy of vaporization, which defines the material.

For the numerical simulation in Chap. 4, it is necessary to compare the results
to a reliable reference, such as a DSMC solution, which shall be a future effort.
Additionally it might be of interest to compare the numerical R13 results to those of

a 26-moment method, see [28].
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Appendix A

Derivation of Entropy Fluxes

Based on the incompressible Navier-Stokes-Fourier-equations, a reduced entropy flux
Wl for the liquid side of a liquid-gas interface shall be derived in the following. Here,
the vapor is a monatomic ideal gas with specific heat ¢, = gR and the liquid is
described as an incompressible simple liquid. The heat of vaporization at reference
state Ty, psat (T0) is

5 sat (11
hgl = hY (Tg) — hl (To) = §RT0 — (ClTO + b tp( 0) + ho) 5 (Al)
!
with the enthalpies
) — Psat (11
W= a(T—Ty) + DRIy + P=Psat (T0) n (A.2)
Pi
5
h? = §RT . (A.3)
The energy density of the liquid &' = pu!, with u! as the internal energy, is
l_ [ A 5 Psat (To) 0
g = P (h — E) = P (C[ (T — Tg) + §RT() — ) — hgl . (A4)
The entropy density 7' = p;s' of the incompressible liquid is given as
T p
l_ L0
n' = ¢pIn T Tohgl : (A.5)
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. cyel v RO
where the proper entropy difference at equilibrium state % — @ = T—"Ol was used.

The conservation laws for mass, energy and entropy for a fluid are

dp | Opv,
%, 0 _ 0. (A.6)
0 (e + £1?) .\ O ((e + Lv?)vg + qi, + puk + o) =0, (A7)
ot Oy
o Onup+ o)
at T om e o

When one intends linearized balance laws, the entropy must be considered up to
quadratic terms in deviations from equilibrium. To obtain a proper quadratic entropy,

it is convenient to replace n by a linear combination 7

~_ 5 1 P 2
77—7]+2Rp T0<€+21)> , (A.9)

which obeys the balance laws (A.6-A.8). Then, the reduced entropy balance reads

on 9 <ﬁvk + O — 7 (PUk + g + Uz’kvi))
ot 8ask

= Sgen - (A.10)

For deriving the entropy flux on the liquid side, incompressible Navier-Stokes-Fourier

is used with ¢ = %l’“l. Hence the reduced entropy flux can be read from (A.10) as

Lo
Qf = 7v, + % -7 (g + plvj, + olol) (A.11)

By using the equations of state for a liquid, (A.4,A.5) in (A.9) and after linearizing and

non-dimensionalizing with (2.15) and (3.1), the reduced entropy density 7' assumes

the form
P @ al(T) 1
~1_ = fsatA70) AN J _ Z (Y1) A12
T=Rm ~ pRI, R 2 2(”) (A-12)

The reduced entropy flux (dimensionless, linearized) on liquid side which, depending
on evaporation or condensation, either enters or leaves the interface between liquid

and vapor follows as

N7 %

— Tk il T gl A.13
k pOR\/R_TO p k qk ik ( )

i
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By considering R13 for the vapor phase, the entropy for the vapor can be found
in the same manner, over a linear combination of (A.6-A.8). Though due to the
higher moments, there are additional terms in the (dimensionless, linearized) reduced

entropy density 779 and reduced entropy flux U7, see Ref. [29]:

— () (v9) 3 2 W2 2 20 2 —\2
g MW7 T (T — 22 (g9 — =2 (P g A.14
— % —=— —a o w3 — w9 —5 292 2 _— Z
W) = —pIvi — ¢TI — ofv] — 5 Prgjoy, — Igfjmijk ~ 95 (Pr) (quik + gqi)
(A.15)

The overbars which denote dimensionless deviations to the respective equilibrium

state are neglected in Chap. 3.
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Appendix B

Normal and Tangential

Components

Within the process of deriving Onsager boundary conditions, it is desirable to decom-
pose the tensors into their respective normal and tangential components. The normal

component of a vector can be defined as
In = Qe (B.1)
with its tangential component
q; = ¢ — qun; , with g;n; =0 . (B.2)

Similar one may define the components of a symmetric and trace-free tensor as [21]

Onn = OpfNENy (BB)
Tni = Oi N — Oy , With @,,m; =0 (B.4)

~ 3 1 _ ~ o~ -
0ij = Oij = Onn | MM — §5ij — Opilj — Opin; , with o;n; =0, =0.  (B.5)

Here, 0, is the normal-normal component, 7,; the normal-tangential component and
0;; the tangential-tangential component. Similar for a symmetric and trace-free third

order tensor, i.e., a 3-dimensional matrix one finds

Mpnn = My RN NE (B-6)
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~ 3 1 1~
mmj = mijknk — Mpnn (Enzn] — 551 — mnmnj — mnnjni s Wlth mmjnj =0. (B8)

Additionally one has:
05 MmNy = 0350 n;M; = 035Mpi; = 0, (B.9)

(5ijnmj =n;n; = 1. (B].O)



Appendix C

Comparison of PBC vs. MBC for
Non-Fitted Coefficients

73

For Maxwell molecules, the normal boundary conditions of PBC and MBC are com-
pared with each other. The Onsager coefficients (3.31-3.36) are plugged into the PBC
(3.28) while considering data for Maxwell molecules from Table. 3.1 and setting the

adjustable coefficients a = b = ... = f = 1. The terms that are different between
PBC and MBC are underlined, terms indicated with tilde appear in the MBC but
not in the PBC. As mentioned in Chap. 3.3.1 there is a certain degree of freedom

which coefficients to take over from the MBC, i.e., the here shown fitting is just one

possibility. Our attempt is to have as many lower order terms such as pY, o,, and
(T 91T l) equal between PBC and MBC but we seek to have differences in higher

order terms, i.e., A and R,,, see Chap. 3.3.1.

PBC:

2 9 1 | 1 1
AR T —p? — =09 +=(T9-T" 4+ —A + — 1
Vn w2—z9(p"’“t() Pt )+ 3 +10R””) (€1
MBC:

1

Vi=1l=— (psat (T") — p? — 0%, + ! (79 —-T") + LAy i}%) (C.2)

2" 2 120 28
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PBC:

2 9+ x(1—9) N1 2 2
9 _ .= 2(7T9 —T —~9 —A —
tn \/;Q—ﬁ—x(l—ﬁ) ( )+20””+L+ﬂ

1 /2 9
3 @) v -] ©

MBC:

2 0+ x(1— 1) N1 1 5
9 _ .2 2(7T9 —T —_~9 —A —_
i \/;2—19—X(1—q9) ( R R R T

1 /2 v 1 1 11
——\ﬁ— (psat (1) = p" = 50 +—(T9—Tl)+—A+—Rm> (C.4)
v

219 2" 2 120 28

> I4y(1—0) (2 T 2 9
=1/ 2 -1y~ Lot L ZA4 2R,
m \/;2—19—x(1—19) 5 R

2 I+x(1—0v) (2 N T 1, 1
nnn — \/ — (1" =T") = zo} A= Run
" \/;2—19—x(1—19) 5 ( ) 5ot AT

— /=5 ( Psat (T") = p? = 500, + 5 (T9 = T") + A+ —— Ry :
5\/;2—19<p (1) =97 = 5ot 5 )+ 32 T asf ) (C6)
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Appendix D

Onsager Boundary Conditions for

Navier-Stokes-Fourier Equations

Here the Navier-Stokes-Fourier equations are used together with evaporation bound-
ary conditions based on the Onsager theory. The Eqs. (2.35,2.36) are simplifications
for full evaporation, ¥ = 1, fully diffusive reflection, y = 1 and by considering one-
dimensional heat and mass transfer only [17][18]. They are given in fully linearized

form below

o - T T (&

27 x

(Tl_Tg) - [ ~ —~ ] [ g ] . (D]_)
or o1 T22 qz

All variables are non-dimensional and linearized. The matrix of Onsager coeffi-
cients read [17][18]

1_1 L
?“5:[(19 21)+16
8

] . (D.2)

= 00—

Solutions based on (D.2) in Chap. (3.3) are referred to as uncorrected NSF. A

correction can be found in kinetic theory which yields [17][18]

(D.3)

5 —0.40044 0.126
0.126  0.291 |

TaB,corr = [



